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^ The autlK>r has availed himself of the 
opportunity, in this revision, to give a com- 
plete solution of the elastic arch of variable 
section. The arch of steel and concrete com 
bined is taken up in detail to illustrate the 
general graphical treatment. The method 
to follow for other arches, as those of steely 
stone or concrete, is at once apparent from 
the general solution. 

Tlie aim throughout has been to give a 
clear analysis of principles involved, a know- 
ledge of the fundamental principles of the 
equilibrium polygon being alone assumed. 

This book, although independent of the 
author's other works on Arches, really sup- 
plements them, since in ** Theory of Voussoir 
Arches," the elastic arch of constant section 
is alone treated, and in ** Theory of Solid and 
Braced Elastic Arches," the arch of variable 
section is very briefly considered without a 
completely worked out example. 
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This work then deals especially with the 
most complicated case, and it is beUeved that 
a thoroughly practical solution is offered. 

About one half of this second edition is 
entirely new; the remainder is substantially 
as it appeared in the first edition,* though 
often more condensed. 

Credit is given in the body of the work to 
those from whom the author has derived 
assistance. Special mention though is due 
Dr. Etermann Scheffler, as his ** Th6orie des 
Voutes " has been drawn upon for much of 
the theory in treating culverts and vaulted 
structures. 

The theory of the elastic arch for arch 
bridges of stone, concrete, brick, etc., is advo- 
cated here, as in the author's previous trea- 
tises. This theory, as a practical working 
theory, receives direct confirmation in the 
many experiments performed by the Austrian 
Society of Civil Engineers and Architects, in 
1890-95, on arches of brick and concrete, 

Chapbl Hnx, N. C, Augost 11, 1901. 



* The title of previous edition was "Yonsspir Arches 
Applied to StoQe Bridges, Tannels, Domes, and Groined 
Arches." 
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THEORY OF THE ARCH. 



CHAPTER I. 



ARCHES OP VARIABLE SECTION 
UNDER VERTICAL LOAD. 

I 

IKTBODUCTOBY. 

1. The theory of the arch with variable 
section is considered in what follows, and 
a practical solution is offered that is ap- 
plicable to arch bridges of any material, 
such as steel, concrete, or steel and con- 
crete combined. 

To secure the greatest generality, the 
solid concrete arch of variable section, 
with embedded steel ribs, is first fully 
treated. The modification necessary when 
the ribs are omitted is at once apparent, 
in, which case the theory applies to solid 
arches of any material, stone, steel, con- 
crete, etc., of variable section, and, in 
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fact, to the " braced arch ^' of any shape 
or design. The theory of the arch with 
constant section follows as a special case. 

Therefore, although the steel-concrete 
arch is alone illustrated in the worked out 
examples given, the treatment is intended 
to show the working of the method to 
«krches of any kind,/ and the method to 
ioUow in any case is fully indicated in 
the text. 

Of the various types of ajch bridges, 
those in steel and concrete combined, when 
scientifically constructed, possess many 
advantages, in that they can be easily 
moulded to the most desirable and beauti- 
ful forms, and the embedded steel ribs can 
supply, when needed, tensile resistances, 
which arches in stone, brick or concrete 
alone are not so well calculated to furnish. 
The steel, too, is protected from the air by 
the concrete, so that the structure should 
last indefinitely. It thus presents a marked 
contrast to the unsightly steel truss with 
parallel chords, which counts its life in 
decades. The concrete has not the com- 
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pressive strength of stone, but for ordi- 
nary spans, this is not a matter of import- 
ance, as the increase of section in going 
from the crown to the abutment, re- 
quired to avoid too much tension, is gen- 
erally more than sufficient to provide for 
compression, 

It is perfectly practicable to construct 
an arch of steel ribs braced vertically, with 
stone voussoirs between the flanges. The 
combination would furnish all needed 
tensile and compressive strength for even 
large spans; but it would be difficult to 
protect the steel from rusting, perhaps, 
even with a concrete coating. The main 
objection to it, however, is that stone has 
not the same co-efficient of expansion from 
heat as steel. Certain authorities state 
that concrete has, and further, experiment 
shows that concrete and steel (free from 
rust, paint, scale and oil) exhibits a large 
adhesive strength. The combination then 
possesses so many good qualities that it 
will be thoroughly treated in what follows. 
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FOBHULAS FOB UNIT 8TBES8 FOB A 
STEEL COKCRETE ARCH. 

2. Let US consider^ concrete arch with 
steel bars embedded in the concrete as 
shown by the dotted lines in the longitu- 
dinal section, Fig. 1, and in cross section 
by the little rectangles in Fig. 2, repre- 
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Fig. 2. 

senting a cross section of the arch any- 
where. The pair of bars in the same 
vertical plane will be called a rib^ and they 
may be of any pattern (angles, plates, etc. ), 
and connected by latticing if preferred, 
though the latter is not necessary, since 
the concrete is fully capable of taking the 



11 [§3 

Shearing forces (exerted at right angles to 
the ribs) which are small. It is under- 
stood that the steel bars are free of paint, 
oil, scale or rust, so that when embedded, 
the adhesion between the steel and con- 
crete will be complete, and sufficiently 
great to cause the concrete and steel to 
act as one mass. As Prof. Bauschinger 

found the j^hsMfilkhfitlEfiea ijP^. ^^^. con- 
crete to be fr om 570 to 640 pounds per 
square inch, which is about double the 
tensile strength of concrete, there should 
be no difficulty in having the assumption 
realized. 

3. The steel ribs are generally spaced 
uniformly a few feet apart, and in conse- 
quence a very rough approximation has to 
be resorted to in practice to apply theory 
to the really very complicated case. 

It is assumed, that it is approximately 
correct to consider the material of the up- 
per bars to be distributed uniformly along 
an arch sheet that passes through the cen- 
tre lines of the upper bars, and that the 
material of the lower bars is similarly dis- 
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tributed nniformly along an arch sheet 
that passes through the centre lines of the 
lower bars; so that if A = area of cross 
section of the two bars constituting a rib, 
in square feet, and if the ribs, are spaced 
i feet apart, then A 4- J = A, will be 
the a rea in square feet of the cross sec- 
tion of steel supposed in a slice of the 
arch contained between two vertical lon- 
gitudi nal planes one foot apart. It would 
be safer, perhaps, to allow only a frac- 
tion of A, in the computation, and cer- 
tainly it would seem advisable to limit 
i to a certain maximum, but as this must 
remain for the present, a matter of judg- 
ment, the simple assumption above will 
be made in what follows, and A, in the 
iormulas can be altered to suit the judg- 
ment of the engineer. Therefore a lon- 
gitudinal slice of the arch contained 
between two vertical planes one toot apart, 
will be assumed to have the cross-section^ 
Pig. 3, 

In this cross-section, which is properly 
taken perpendicular to the neutral surface 
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and approximately at right angles to the 
soffit, 
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Fig. 8. 

Aj = area of concrete in square feet. 
Aj = area (shaded) of two steel bars in 

square feet = A -- J. 
d^ = depth of arch in feet. 
d^ = depth of steel rib in feet. 
Ic = distance in feet from soflSt to cen- 
tre of gravity of steel rib. 

The modulus of elasticity in pounds per 
square foot, 

for concrete = E^, 
for steel = ^E^ = E,. 



The neutral surface of the arch, where 
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the stress due to bending moments only is 
zero, intersects the plane of the cross- 
section, Fig. 3,. in nn. 

4. In Fig. 4 is shown a side view of a 
part of the supposed arch, 1 foot wide (of 
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Fig. 4. 

which Fig. 3 is the cross section), con- 
tained between two planes perpendicular 
to the neutral surface nn\ and making an 
angle a in circular measure, before strain 
between them. A vertical plane midway 
between the faces of the supposed arch, 
intersects the neutral surface in the line 
nn^ = ^s feet in length, which may be 
called the neutral line, and the forces act- 
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ing upon the artificial vonssoir considered, 
will have their resultants acting in this 
medial plan^; hence the problem is re- 
ferred to one of forces acting in one plane. 

Let B be th^ resultant of all external 
forces acting npon the section passing 
through nythjd forces considered being the 
right reaction, «nd all loads acting on the 
arch from the right abutment up to the 
section (or joint) passing through n. As 
is well known, when the true equilibrium 
polygon has been located, the line of 
action of R is giyen by the side of the 
equilibrium polygon pertaining to n, and 
its amount and direction, from the ray of 
the force diagram, parallel to this side. 

As a and ^s will be considered very 
smalljthe voussoir can be considered with- 
out weight or loads acting on it, and be 
treated as a free body acted on by R and 
the stresses resulting from the action of 
the part of the arch to the left of n upon 
the section through n. To ascertain 
these stresses, conceive applied at n two 
opposed forces + R, — R, each equal and 
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parallel to B* The single foFce R is thus 

replaced by a couple RR -and a force + R 
acting at n. The latter may be decom- 
posed into components T and N tangen- 
tial and normal to nn^ at n. The force 
T causes a uniform shortening of the 
fibres on the voussoir (as will be proved 
in Art. 10) so that the section is moved 
parallel to itself under its action. This 
is not shown in Fig. 4, to avoid confusion. 
The force N acting along the section is 
the shearing force and having but a small 
effect in the deformation of the arch, is 
neglected. 

5. The couple RR is principally effec- 
tive in changing the curvature of the arch, 
and its moment is most conveniently 
found by multiplying the horizontal com- 
ponent of R=H, the pole distance, by the 
vertical distance from n to R. Thus call 
this distance in feet = t ; then if R is re- 
solved where the vertical through n cuts 
it, into a horizontal component H and a 
vertical component, the latter acts through 
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n; hence the moment M,of K about n = 
moment of, couple RR = H^. 

"M = H^ {in foot pounds), (!) 

when H is in pounds and t in feet. 

Under the action of this couple, the 
angle a is changed to a\ and the curva- 
ture is increased if R cuts the section 
below n (as then the greatest compression 
is at the intr^dos)^ and decreased when 
R cuts the section above n. If we call 
Jar = or' — hr, and regard M as 4- when 
right-handed, this amounts to saying 
that, 

-Jar is plus when M is plus and there- 
fore R acts below 7i, 

A a is minus when M is minus and 
consequently R acts above n, 

6. Call the distance of any fibre from 
nn' = v, this being plus for a fibre 
above n:n\ minus below. As nn' is very 
small, it can be treated as an arc of a cir- 
cle, and the axis of a fibre in the same 
plane as concentric with it. The length 
of the fibre before flexure is {As + va)^ 
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after flexure {^8 + va'); its change of 
length is, v(a'— a) = v.^a. Calling its 
cross-section = a in square feet, and the 
unit stress on it due to M = / in»pounds 
per square foot, the stress on the fibre, if 
of concrete, is 

fa= /'^"^ dE,, (2) 

and if of steel, 

fa = -j-^- anE, (3) 

by the ordinary formula connecting stress 
and deformation, 

^ elongation of fibre ,, 
•^= length of fibre "" ^' 

It is plain that {^8 + va) in the de- 
nominators, can be replaced by ^8 with- 
out appreciable error. The sum of all 
.the stresses (due to flexure only) acting 
on the entire section at n is, therefore. 
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iirhere a is to be replaced by na in the 
Bummation for the steel bars; which is 
the same as if at the distance of each 
Bteel bar from the neutral axis, n times 
the same area of concrete was taken. 

Recurring to the free body, Fig. 4, in 
equilibrium under the action of E and the 
resisting stresses along section n; since 
the algebraic sum of the components of 
all these forces perpendicular to section 
at n equals zero (by a law of mechanics), 
and since T, the component of R, is 
directly balanced by the stresses that 
cause a uniform shortening of the fibres 
on the section. (Art. 10), it follows that 
the remaining normal stresses (due to M) 
must balance independently, 

2fa = 0, or, 2va = o ; 

which shows that the neutral axis nn' 
passes through the centre of gravity of 
the revised area of the section. • 

Therefore, recurring to Fig. 3, with 
the notation of Art. 3, and calling q the" 
distance in feet from the lower edge of 
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cross-section to the neutral line nw, we 
have, for the revised area, 

g(A,+ «A,)^(A.| + »A^) (5) 

which d-etermines q. 

7. The moment oi the stress {af) about 
w on any fibre is (a/V), 

.: .^^2{afv)=^,~2{v*a), 

for the revised area. 

Designating by I, the moment of iner- 
tia of the concrete (of area A,), and by I, 
the moment of inertia of the actual area 
of steel, A, (Fig. 3), both in feet, 

2v^a = 2{v'a) for concrete + 2{v^an) 
for steel =1, + ^I^. 

.-. M = E. ^ (I. + «I,). 

» 

By reference to Fig. 4 and noting that 
the sections were drawn perpendicular to 
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the neutral axis, it is seen that (6) gives 
Aa^ OT the change in the angle between 
the tangents to the neutral line at n 

and n' due to the couple EE whose mo- 
ment is M. This approaches the exact 
truth as near as we please, as Aa and As 
approach zero indefinitely. Therefore, 
if we could proceed by analysis alone, 
A a and As are replaced by da and ds 
in (6), and the result integrated to find 
the change in the inclination of the end 
tangents of the neutral line corresponding 
to a length s measured along that arc. 

8. To apply the graphical method, how- 
ever, an approximation must be intro- 
duced here whose significance must be 
carefully noted. The assumption is, that 
for an appreciable length of As (several 
feet, for instance) Aa is given by (6), 
provided M is taken as constant and 
equal to the value corresponding to the 
mid-point of nn\ Fig. 4, or ^ As distant 
from either n or n\ E„ I, and I, , being 
likewise taken there. 

As the total change in the inclination 
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of the end tangents f dr a leiigtli' '5 is ihi 
sum of all the infinitesimal changes fot 

the part of the arch ci)ii8i(lered, ot, 

- , , , , . . I . , . 



(e,(i, + «i.)^) 



-^5 being very small, the assumption 
above is that this expression is equal ap- 
proximately to 

where $ = 2{Js), Mo is the moment at 
the middle of s, and E„ I, and I, the 
corresponding quantities at the same 
point. 

This assumption, though not exact, is the 
most reasonable that can be made, but it can 
only be tested for Ii - and !« variable, in a 
numerical example. If Ei, Ii, la are constant, 
as for an arch ring of the same cross-section 
and El constant throughout, and ^8 is also 
constant, then the previous supposed equality 
reduces to, 
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80 that, if 8 is laid off along a line and divided 
into the equal lengths ^8 and . ordinates M are 
laid off (say) ^t the middle of each ^s, then 
2(M^«) represents an area and Mo is its mean 
drdinate. Now, as M is proportional to t (§ 5) 
and calling to the value of t corresponding to 
Mo, if the true equilibrium curve for the arch 
pertaining to the space 8 considered satisfies 
the condition 2(i^s) = to8, then the assump- 
tion is exactly realized. This will be nearly 
true if the successive values of t are equal or 
are increasing in going from one end of 8 to 
the other, or decreasing over the same length, 
but not for the case where t increases over a 
part of 8 and decreases over the remainder, 
as a rule. The extreme limit of error is 
reached when /©, the vertical distance from 
the middle of 8 on the neutral axis to the 
equilibrium curve, is greater than any of the 
other fs over the same length s. This cannot 
be guarded against in advance, but a study of 
equilibrium curves shows that it can generally 
happen on only two divisions of the neutral line 
and even here, the error is often slight in conse- 
quence of the curve running nearly parallel to 
the neutral line for a good part of a usual 
division. 

9. Let /, = stress per square foot on an 
extreme fibre of the concrete, whose dis- 



§10] 24 

tance from the neutral axis is v^ feet ; 
then from (2),/^== t;,Ej-^, and elimi- 

nating-^ between this equation and 
(6), we find, 

Similarly the stress per square foot in an 
extreme fibre of the steel =/,, distant 
v^ inches from the neutral axis, from (3) 
and (6), is, 

•^' "" I, + nl,' 

These two stresses are due entirely to the 
couple whose moment is M, 

10. The stresses corresponding to a sup- 
posed uniform shortening of the fibr^ 
along the cross-section at 7^, Fig. 4 (see , 
§ 4), and therefore not included in the 
bending stresses, have now to be evaluated. 
This uniform shortening entails a uni- 
form compressive unit stress = p on the^ 
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concrete acting on the area A^ and a 
unit stress np on the steel (both in pounds 
per square foot) acting on an area A,, 
as follows from the fundamental formula 
connecting stress and deformation, since 
we have assumed Ei = wE, . The result- 
ant, ^(AjH- wA,), acts at a distance q^ 
above the lower edge of the joint. Fig. 3, 
and taking moments about that edge, 

q'p{k, + TiAJ =p{K^ + nKJc). 

. • . By comparison with (5), q' = g, or 
the resultant of the stresses correspond- 
ing to the uniform shortening, acts at n 
and is exactly opposed by T acting at 
that point as assumed. 

T = i?(A, + nA,), 

from which j9 = T -r-(A, + wA,) 

and np = nH -7- (A^ -h wA,). 

11. From the last two articles are de- 
rived the total unit stress s, in pounds 
per square foot, exerted on the concrete 
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at the upper or lower edges of the cross- 
section, 

and the total unit stress, «„ in pounds 
per square foot, experienced by the upper 
and lower, bars of the steel, 

All dimensions in these formulas are in 
feet. 

For sections symmetrical with respect 
to the neutral line. Fig. 3, 

d, d, d^ 

* = a' ^> = a' ^'=2' 



♦ Mr. Edwin Thacher, M. Am. Soc. C. E., published tlie 
formulas (?) and (8) above in " Engineering News '^ for 
Sept. 21, 1899, without demonstration. His article may be 
referred to as an excellent presentation of the practical 
aspects of steel-concrete construction and as giving an 
account of the various systems that have been used, and 
closing with his own specification. 
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Therefore, 
' T My, \ 

_/__T_ Mt;, X ^ 



CONDITIONS FOB EQUILIBRIUM FOR ARCH 
WITH NO HINGES. 

> 12. The neutral line, for the case where 
the steel bars are symmetrically placed 
with respect to the centre line of the ^ch 
ring, is the centre line itself and can at 
once be laid off. 

For an unsymmetrical cross-section, 
points in the neutral line must be found 
and laid off by aid of (5), and a curve 
traced through them. 

In either case, let a be, Fig. 5, repre- 
sent the tieutral line of an unstrained 
arch with fixed end tangents, and let s 
represent a length of the neutral line 
whose centre is at b. When the arch 
is loaded either with its own weight only 
or in addition with a live load, the neu- 
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tral line changes shape, and it was agreed 
in Art. 8, to regard the change in the 
inclination of the end tangents to the 
neutr^ arc «, as given by the formula, 




Fig. 5. 

where n and E^ are constant and M, I^ 
and I, are taken at ^, the middle of arc s. 
Regard the end c temporarily free, 
then the bendiilg in 8 alone will cause a 
rotation of the arc he about h equal to ^, 
so that a line be will rotate through an 
infinitesimal distance ce^ taken as per- 
pendicular to he. Take c as origin, ca 
the axis of x and axis of y vertical and call 



i^ 



t. / 
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the co-ordinates of S, x and y. Draw ed 
perpendicular to ca; then from similarity 
of triangles, 

cd = J- y = y 6^ de= j-x = xff. 

The exact result would of course be 
found by dividing s into infinitesimal 
lengths Js, and regarding the rotation 
to take place about the end of each little 
portion in turn, x and y thus having 
values above and below the means taken 
xor b (the middle of s). We assume, 
therefore, in the graphical treatment to 
follow that if M, I„ I,, Xy y are all takeii 
at the mid-point of arc 5, as a sort of 
average, that the horizontal and vertical 
deflections of c, due to 5, are given nearly, 
by the above equations. 

The total horizontal and vertical dis- 
placements of c due to the bending of all 
portions of the arch are then given by 
2{y d), 2{x 6), or 

„ May „ Msa; 



- - E,(I, + nl,)' -E.(I, + «I,)' 
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respectively, the summation including all 
the segments of the arch. The total 
change of inclination of tangents at a 
and c is similarly, 



26=2 



E.(I, + nlj 



For an arch "fixed at the ends'' and 
with no hinges, these three sums are 
zero; hence, we have the' three condi- 
tions to be fulfilled, corresponding to end 
tangents fixed in direction, span invaria- 
ble, and vertical deflection of c with re- 
spect to a, zero : 

- ^ =0. (IS) 



E,(I, + «I.) 



All dimensions being taken in feet and 
M expressed in foot pounds. 



31 [§13 

DEFLBCnOK AT THE CBOWN. 

13. It may li^ well to note here that if the 
actual moments M have been found for the mid- 
point of each small division of the neutral line, 
the horizontal and vertical displacements of any 
point as c' of the neutral line can be predicted. 
Thus, if b' is the centre of any division, calling 
h and k the horizontal and vertical projections 
of the chord h'c' and 0' the angle (in circular 
measure) through which h'c' rotates in conse- 
quence of the bending of that division, then the 
horizontal and vertical displacements of c' due 
to it are, respectively. 



c'd' = i^,h = ffh d'e' =^,h= $% 

DC DC 



and taking the algehraic sum of such quantities 
for all the divisions of the arc from a to c', the 
total displacements are found. Thus, inserting 
the value of ft the total horizontal and vertical 
displacements of c' with respect to a, are 



^ Ei(I, + nia)' ^ E|(I, H- nl.y 

Note, from Art. 5, that M is plus when the 
bending is increased, or when R falls below the 
centre of the division h' considered, and M is 
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minus when the proper side of the equilibrium 
polygon (along which R acts) passes above b'. 

In the first case, M plus, c' moves to the left 
aud downward when c' is above h' ; but when 
c' is below b' (as in the construction pertain- 
ing to b and c), then c moves to the right 
and downwards. The reverse obtains when M 
is minus. Hence, if k is given the plus sign 
when e' is below 6', the minus sign when c' is 
above b\ the formulas above will give the hori- 
zontal movement of c', plus when to the right, 
minus when to the left, and the vertical dis- 
placement of c' plus downwards, minus when 
upwards. 

When c' is at the crown k is always minus, 
and we have simply to attend to the signs of M, 
and it is evident that the displacements as found 
by the summation from a to the crown should 
equal those numerically found by summing 
from c to the crown. 

This method, however attractive in theory 
will probably not work well in practice unless 
the true equilibrium polygon has been deter- 
mined with great accuracy ; for in a well designed 
arch, the moments H^ = M, except at the spring- 
ing joints, are small, or rather t is quite small, 
and a small absolute change in t often corre- 
sponds to a large percentage of its value, so that 
large errors can be made in the algebraic sum- 
mations of the formulas. 
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The method has been tried for on6 bridge, 
however, and found to check satisfactorily with 
analytical solutions. 

DIVISION OP THE NEUTRAL AXIS. 

14. Recurring to the conditions (10), 
(11), (12) to be fulfilled by the equili- - 
brium polygon for an arch "fixed at the 
ends," replacing M by H^ and regarding 
Ej (the modulus for concrete) as con- 
stant throughout the arch ring, we ob- 
serve, if the neutral line can be so divided 
that 5 -^ (I, + /^I,) is constant for each 

H s 
division, then =- jy—, — t-\ can be placed 

E,(I,+wI,) • 

before the sign of summation and the 
three conditions (10), (11), (12), re- 
duce to, 

2t = 0, 2{tx)=0, 2{ty)=0. (13) 

To show how to divide the neutral line 
so that s -^ (l^+nl^) shall be the same 
for each division, it is best to take a 
numerical example. 

In the following table is given, for the 
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Thacher type ol arch ring shown in Fig. 6 
(plate), the radial depth d in feet, at? feet, 
measured along the neutral line, from the 
springing. The steel ribs, Figs. 1 and 2, 
ai*e composed of two bars each, whose dis- 
tances from the intrados and extrados are 
each 0.17 feet, and each bar has a gross 
section of 2| x | inches. The splices in 
any one bar are to be made with J inch 
rivets, so that the net section of any bar 
to resist tension is y x | = f f square 
inches, or nearly y^^ square foot. 

Assume the ribs 2 feet apart, centre to 
centre, and take ?4 = E, -i- E, = 20. 

2 1 

•'• ^ "=100' "^^ ^ Too' ^^^a = ^-^- 

I, + 20 I, = ^d' + 0.2(|- -^o.nV 

The neutral line, for this symmetrical 
section, coincides with the centre line of 
the arch ring and can be at once laid off. 
Call the successive lengths of the divis- 
ions measured along the neutral axis in 
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feet, beginning with the one next the 
springing, 5^, «„ «„ ..., respectively, 
and let d^ be the radial depth of the arch 
ring at the middle of «, and d the depth 
at the middle of any division s. Then in 
order that 5 -s- (I, + nl^) be constant, 



I 



iV^' + 0.2(^-0.17J 



s. 



^^,- + 0.2(^-0.17)' 



d 



1 4.10 

2 8.72 

3 3.38 

4 3.05 

5 2.78 

6 2.51 

7 2.28 

8 2.07 

9 1.90 



I 



d 



10 1.72 

11 1.60 

12 1.50 

13 1.42 

14 1.37 

15 1.33 

16 1.31 

17 1.29 

18 1.53 



(14) 



/ d 

19 1.20 

20 1.16 

21 1.13 

22. 1.10 

23 1.07 

24 1.05 

25 1.03 

27 1.01 

29 1.00 



The calculations that follow can be 
effected very expeditiously and accurately 
by aid of Barlow's *' Table of Squares" 
and Crelle's "Rechentafeln,'* which last 
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gives the product of three figure numbers 
by similar numbers. A calculating ma- 
chine can of course replace the last named 
book. 

15. It would often save time in the 
end if the values of 

. ^rf»+0.2(^-0.17y 

for various values of d as 1.0, 1.2, 1.4, 
1.6, 1.8, ^.0, 2.2, 2.4. be computed at 
once and laid off as ordinates on cross- 
section paper, the values of d being laid 
off as abscissas. It is advisable, too, to 
find by (14), at the first, by trial, such a 
value of .9, that s at the crown will not 
become so small as to lead to a great num- 
ber of divisions. Thus if 5, is assumed 
= 7 feet, s at the crown will be found to 
be only 0. 184 ; therefore s^ = 1 4 was next 
tried, and the work then proceeds as 
follows : 

For 5, = 14, d^ is estimated at ? = 7, 
.•. ^j = 2.28 (from table), .*. the right 
member of (14) reduces to 11.9, and the 
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relation to be satisfied throughout the 
arch ring is, 

* = 11.9 y^d' + 0.2 (I - an/j (15) 

At the crown c? = 1, . • . « = 1.25, which 
may lead to a satisfactory division ; hence 
we proceed, taking up the division s^ 
next s^. 

Try 5, = 3, . • . ^ at the middle of 8^, 
where Z = 14 -I- 1.5 = 15.5 from the 
springing, is found from the table (by in- 
terpolation) to equal 1.32, .'.by (15), 
8 = 2.86. For s = 2.86, there is no 
change in d, .*. s, = 2.86, so that it is 
(14 -h 2.86) feet to the beginning of divis- 
ion ,§3. Assume 5g = 2.3, .*. r/ at Z = 
16.86 + 1(2.3) = 18.01, is 1.23, .-.by 
(15), s = 2.32, . • . call s^ = 2.32. Pro- 
ceed thus and find successively : 



s, = 14, 


s^ - 2.86, 


53 = 2.32, 


s^ = 1.95, 


s, = 1.67, 


s,= 1.49, 


8, = 1.40, 


s, = 1.19, 


5.- 1.26, 


s, = 1.25. 


-1 

7- ■ 
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The sum of these lengths is 29.52, or 0. 52 
in excess, as it is exactly 29 feet from 
crown to spring measured along the cen- 
tre line. 

A closer approximation can now be 
made by assuming s^ a little less than 14. 
Take 5, = 13.85, .-. d^ = 2.30 at the 
middle of «, or at 1= J(13.85) = 6.92, 
and the right member of (14) reduces to 
11.5. Therefore (15) is now replaced by 

s = 11.5 l^d' + 0.2 (^ - 0.17 V] 





I 


I 


s 


at end of 


at middle 




s 


of s 


.Si =18.85 


13 85 


6. 92 


.S2 - 2.81 


16.66 


15.25 


.s-3 = 2.29 


18.95 


17.80 


.S4 - 1.89 


20.84 


19.90 


s, = 1.64 


22.48 


21.66 


8e = 1.47 


28.95 


23.21 


s, - 1.85 


25.30 


24.62 


s,= 1 31 


26.61 


25.96 


Sg = 1.24 


27.85 


27.23 


6,0= 1.21 


29.06 


28.45 



('orroHpon- 
i ding 
d 



2.30 
1.33 
1.24 
1.16 
1.11 
1.U7 
1.04 
1.03 
1.01 
1.00 
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We proceed as before in finding s^y s^y 
. . . 5j^. The results are conveniently 
written out as in the adjoining Table. 

Here, " Z at end of 5 " is found by sum- 
ming s. To find I at middle of s^ (say), 
add one half of' 5, or i(1.89) = 0.95 to I 
at end of 5,, or 18.95, giving 18.95 + .95 
= 19.90, at which point d is found from 
Table to equal 1.16. With this value of 
dy s^ is computed from the last formula 
(by aid of the diagram mentioned, if 
drawn), and if the result is not as as- 
sumed, try again until the assumed and 
computed values of a\ agree. Similarly 
for the other divisions. Tlie work is very 
brief on a second trial as the previous 
values of 5^, 6*3, . . . , afford some guide 
in choosing the new ones. 

A third trial is not at all necessarv 
here, as the excess 0.06 foot of 5, + '^2 + 
... -\- s^^= 29.06, over the actual length 
29.00, can be distributed amongst the va- 
rious divisions sufficiently accurately by 
comparing the corresponding values of s 
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in the first and second trials. The values 
of s finally selected are, 

s^ = 13.83, s^ = 2.80, 5, = 2.28, 

s^ = 1.88, 5, = 1.64, 5, = 1.46, 

*, = 1.35, s, = 1.31, 5, = 1.24, 
6-,,= 1.21. 

These lengths are laid off in succession 
from the centre of each springing joint 
toward the crown along the centre line of 
the arch ring. 

The number of divisions found for the 
half arch (ten) is a minimum for accu- 
rately locating the pressure line for ver- 
tical loads. Fourteen to twenty should 
be used for temperature stresses. In fact, 
for temperature stresses, it will not add 
greatly to the labor to take from twenty 
to thirty divisions as we shall see further 
on. 

16. It need not cause surprise that s^ 
is so large compared with 5,^, when it is 
observed that the moment of inertia 
at the spring is 81 times that at the 
crown. The resistance to bending is thus 
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80 much greater near the abutment that 
we should expect the elastic curve and 
the pressure line to be determined mainly 
by the upper half of the arc. 

If the abutment should be included as 
part of the arch, its influence on the 
pressure line would be found to be almost 
nil, which is in fact the reason why it is 
treated as inelastic and immovable. 

As the radial depths of arch ring ap* 
proach equality everywhere, s^, 6f„ ...» 
approach equality, and for a constant 
depth they are exactly equal. 

17. For any kind of a solid, homogene- 
ous arch of any material, stone, concrete, 
etc., the trial and error method used for 
dividiiig up the arch ring is similar to 
that above, only as I, = o, (14) is replaced 

by. 

the work is much simpler, as d* can at 
once be taken out a table of cubes, and 
a diagram is unnecessary. * 



§18] 42 

Example. — Divide the arch ring above, omit- 
ting the steel ribs, to satisfy (16). Let the num- 
ber of divisions of the half -arch be at least ten 
and not to exceed sixteen. The Table of Art. 14 
gives the values of d. 

COMPLETE GRAPHICAL TREATMENT FOR 

A STEEL CONCRETE ARCH WITH 

PARTIAL LOAD. 

18. The arch ring examined in Arti- 
cles 14 and 1 5, is shown in Fig. 6 (Plate). 
The intrados has three centres. The cen- 
tral portion subtends an angle of 30^20.4' 
with a radius of 47.77 feet; the other 
two radii are 23.65 feet each. The span 
is 50 feet, rise 10 feet, and the radial 
depths of arch ring are as given in Art. 
14, the depth at the crown being 1 foot, 
at the ends of the central portion 1.33 
feet, and at the springs 4. 5 feet, circular 
curves corresponding, forming the extra- 
dos. The steel ribs are placed as shown 
in Art. 14. 

Let us test the strength and stability 
of this arch when the backing extends 1 
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foot above the crown everywhere, for a 
live load of 140 pounds per square foot 
of roadway extending from the left abut- 
ment to the crown. The ordinates from 
the extrados to the upper limit of the 
backing should be reduced in the ratio of 
the specific gravity of the backing to that 
of the arch ring, so that the new upper 
limit corresponds to a backing whose 
density is the same as that of the arch 
ring. The partial loads are then com- 
puted as below. In this example, this re- 
duction was not made, so that the back- 
ing was assumed of the same density as 
the concrete, 140 pounds per cubic foot. 

19. The lengths 5„ «„ . . . (Art. 15), 
having been laid off in succession along 
the centre line of the arch ring from 
either springing to the crown, find the 
centres of each of the divisions s„ «,, . . . , 
and mark them in order from the right 
springing to the left, a„ a„ . . . a,„ as 
shown on the Figure. 

Draw vertical lines through «„ a^ . . a,^, 
and compute the areas in square feet in- 
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eluded between consecutive verticaj^jbhe 
intrados, and the upper fimit of the (re- 
duced) backing. Multiply these weights 
by 140 to find the loads P„ P„ . . . P,, 
to right of crown, and lay off midway be- 
tween the points a„ a„ . . . a„ ; the last 
one coming midway between a,^ and the 
crown. These loads correspond to a slice 
of the arch 1 foot thick perpendicular to 
the plane of the paper- 
When a^ and a, are as far apart as in 
the figure, the vertical through the centre 
of gravity of this large trapezoid, should 
be found by the usual graphical construc- 
tion, and P, laid off along it. The same 
remark applies to the remaining areas 
nearer the abutments ; or the position of 
the load corresponding can be found by 
taking moments of the partial areas about 
any convenient vertical. The loads P„ 
... P,^ to left of the crown are equal re- 
spectively to P,„ . . . Pj augmented by 
140 times the width of the corresponding 
division. 

From Art. 12, the moments M = H./ 



'^ 
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must be found accurately at the middle 
of s^y «„..., or at fl„ «,j . . . «„»«,# 5 
which can be done by the division of the 
arch just explained as is apparent from 
the equilibrium polygon to be presently 
drawn. 

A usual division of the arch requires t 
to be measured at the load, which is a 
most unfortunate selection. If the true 
equilibrium curve for infinitesimal divis- 
ions be supposed drawn, it will always 
fall below the equilibrium polygon corre- 
sponding to P„ P,,... , except at a,, a, ... , 
(which are points on it), and the greatest 
departure is at a load. 

Such a division of the arch leads to 
values of t as far removed from the true 
ones as possible, whereas the method 
adopted here gives no inaccuracy from 
this cause.* 

* See the aathor's ** Theory of Voussoir Arches," 8nd 
ed., for the most accurate scheme for arches not so flat as 
shown in Fig. 6, and for sections not vertical as taken here 
for simplicity. The theory which determines the subse- 
quent constructions is given in full on pages 154 to 114. 
The author's " Solid and Braced Elastic Arches " may also 
be referred to. 
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20. The successive loads P„ P,, . . , P,^ 
are now laid off on a vertical to the left 
of the arch to scale of loads. For con- 
venience, assume the pole distance some 
whole number, 10,000 lbs. in this case, 
and lay off this horizontal thrust from 
the lower end of P,„ on the load line, to 
the right to fix the " trial pole." This as- 
sumes a horizontal thrust at the crown. 
The equilibrium polygon ^„ ^g, . . . J,,, 
. . . ^3„, can be drawn in the usual man- 
ner, but it is most accurately laid off by 
computing the sum of the moments of 
the loads P in foot pounds, acting from 
the crown up to a certain load Pg about Pg, 
dividing by trial H = 10,000, and laying 
off the ordinate (to scale of distance) from 
a horizontal through h^^^ ^„, along the line 
of action of Pg to fix one point. Similarly 
for the others. Let Pr be the load next 
Ps at a distance a from it, Pr lying nearer 
the crown than Pg. Call the sum of the 
loads from the crown up to and including 
Pr = R, and suppose their resultant acts 
c feet from Pr. Then the moment of all 
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the loads from the crown up to Pg about 
Pg = Mg — R {c -f a) = Re + Ra = Mr + 
Rrt, where Mr is the moment of all loads 
from the crown up to Pr about P,. This 
formula, Mg — Mr + Ra, enables the mo- 
ments to be quickly computed by working 
from the crown in either direction. 
Thus, 

M.,= P„ X 0.95-252.7 

M,3 = M,, + (P„ + P J 1.27 = 1247.1 

&c. &c. 

The equilibrium polygon laid off by 
computation, can now be tested by the 
usual construction and verticals through 
^„a, . . ., drawn to intersections ^,, ^,, . . ., 
with it. 

21. The reason for the following pro- 
cedures will be given further on (Art. 
30). Draw a straight line from ^^ = v, 
to K =>,o5 and find R = {vj)^ + v,\ + 
. . . -h Vi»^,») or the sum of the ordinates 
from v^ v^^ to ^,, b^^ , . , h^^ to be 169 to 
the scale of distance. Next regard vj)^, 
vj)^^ . . . i\J),^ as forces, and find the 



position of their resultant R by taking 
moments about the vertical AB throttgh 
the crown. This is conveniently done by 
measuring the horizontal distances z^, z^, 
. . ., from AB to d,, J„ . . . (always meas- 
ure distances to Imndredths of a foot) 
and dividing [ {vj,^ - v,b,) z, + {vj,, 

38.0797 by R = 169 to get the distance 
(= 0.225 feet) the resultant acts to left 
of AB. 

Differences, as (v,»^,» — v^b^)^ can be 
conveniently found with dividers, or by 
marking off v^b^ on a strip of paper and 
laying off along v^^b^^. 

22. The object now is to find a closing 
line mrn^^ such that if the ordinates from 
^1^30 ^^ ^w,m, through the points b^, b^^ , . . 
S^^, are treated as forces, their resultant 
will exactly equal R in magnitude and 
coincide with it in position. To this end 
a trial ''closing line" nn^ is first drawn, 
and likewise a straight line from n to v^, 
dividing the ordinates into two sets, viz. ; 
those found in the triangle v^^ni\^ whose 
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ttenltiint id called ' ' trild T/' and thdse in- 
clnded in the triangle nv^n^j whose re- 
sultant is desisted "trial T/\ Find 
the resultant of the ordinates (treated as 
forces) from the line v,v,, to the line v^n 
at the points v,, i^,, . . . v^^ in amount, by 
marking off in succession^ along the edge 
of a sheet of paper^ and measuring the 
^m to the scale of distance used in laying 
off the arch. This scale is to be used 
throughout in measuring ordinates and 
abscissas, whether treated as forces or 
otherwise. In this way find "trial T" 
to be 93.00. By taking moments about 
AB as above, it is found that trial T acts 
4.57 feet to left of AB or 4.35 feet to left 
of R, as marked on the drawing. Differ- 
ences between the ordinates at same dis- 
tance from AB, as, e.g., those at v„ and v^ 
are conveniently marked off by drawing 
a straight line from D (where wv, meets 
AB) to V,.. 

Similarly find trial T^ by adding the 
ordinates through J,, ^„ . . . b^^ included 
between the lines nv. and nn. to be 58.9. 



It evidently acts as far to the right of 
AB as trial T does to the left, or 4.57 
feet. This is so because corresponding 
ordinates are at the same distance from 
AB, and the podtion of trial T, is not 
affected by shifting t^, so as to make 
v^n^ = v^^n, since all ordinates are in- 
creased in the same ratio, and the quo- 
tient of sum of moments divided by sum 
of forces remains the same. By similar 
reasoning, if i^ is shifted to its true posi- 
tion m, the sum of the ordinates from 
v^v^^ to v^n = "true T;^' and (the ordi- 
nates being treated as forces) in position, 
the resultant acts 4.35 feet to left of AB, 
the same as for trial T. 

The position and amount of trial T, is 
not changed by shifting n to m. Its po- 
sition is not changed on af terv^^ards shift- 
ing 7l^ to m^; its true position and true 
Tj= sum of ordinates from mv^ to mniy 

By the assumption at the beginning of 
this article, it follows that R must be the 
resultant in position and magnitude of T 
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and T, ; . * . .taking moments about T, and 
T in turn, 

. ^ 169 X 4.79 _Q ^^ 

true T = p— r-j — = 88.57; 

5^.14 

. -, 169 X 4.35 ^. .^ 
true T, = ^-jj — = 80.43. 

Hence lay off, 

trueT 88.57 

''-'^ = tSrT ''-'' = "■93^ ''"'*' 

and, 

true T, 80.43 

and it will follow that the ordinates of 
the triangles will all be changed in the 
ratio of true T to trial T for triangle 
t;,v,„7i, and of true T, to trial T, for tri- 
angle v^nn^ or v^mn^. Therefore, R = 
^{vh) is now the resultant in position 
and magnitude of all the ordinates from 
v^v^^ to mm^ or ordinates of the type vm. 
The closing line mm^ is thus finally lo- 
cated. 
23. Take 0, the centre of the left 



lifyiingin^ joint, as tiie origin of coordi- 
nates, X horizontal, y vertical, and let x^j 
x^y , . . x^^ be the horizontal distances 
from to the verticals through a,, a„ . . . 
^««' ^ generally, let x be the abscissa of 
a; then since the construction of Art .22 
gives: 

2 {vb) = 2{vm)^ 2(vb.x)=2{vm.x)j 

therefore 

2 (vb—vm) =0, 2 {vb—vm)x = ; 

or the conditions, 

2 {mb) = 0, 2 (mb.x) = 0, (17) 
are fulfilled. 

Here, mb = vb — vm, . * , ordinates 7nb 
measured above mm^ must be treated as 
positive, those below negative. 

As a check on the position of mm,, see 
if the condition 2{mb) — is fulfilled, or 
if the sum of the m^s above mm^ is equal 
to the corresponding sum below. The 
sum is very quickly made by marking off 
successive mb's along the straight edge of 
a sheet of paper. 
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24. If a symmetrical arch is loaded 
with its own weight only or, in addition, 
with a uniform live load, the equilibrium 
polygon h is symmetrical with respect to 
AB ; hence B acts along AB, and mm^ 
is parallel to v^v^^. 

Here, 2vb = 2vm = 20t;m; . • . divide 
tiie sum of the ordinates of type vh to one 
side of the crown by 10 (in this example) 
to find v^m^ = v^^m. 

As above, 2mh = 0, 2(mb.x) = 0. 

26. Let now a line hh^ be located in a 
similar manner with respect to the points 
a,, a„ . . . a,^ on the neutral line of the 
arch ring. 

This is best done by measuring the or- 
dinates y„ y„ . . . y,o^rom 00^ (the line 
connecting the centres of the springing 
sections) to a,, a„ . . . a,^ and dividing 
their sum by the number of ordinates, 
(10), giving the distance e above 00, 
to M,. 
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In this example, 

^"^ 10 -^•^*- 

since -2/ = lOe, 2;{f/ - e) = 0, 

and from symmetry, -2, (ka.x) = 0. 

Hence the conditions, 

2^\ka) = 0, S^ka.x) = (18) 

for the line kk^^ as thus located, are ful- 
filled, ordinates ka, referring to ordinates 
from kk^ to a„ a,, . . . ; ordinates above 
kk^ being regarded as plus, those below 
minus. 

26. The next step is to find 2{ka.y) 
for the entire arch. This may be written, 
2{y - e)y = 2y^ - e2y = 2(684.79 - 
8.143 X 81.43) = 41.90 ; the sum being 
taken for one half the arch and doubled. 

27. A similar sum, 2{mb.y) must now 
be made out for the entire arch ; mb rep- 
resenting an ordinate from vun^ to poly- 
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gon S, to be considered plus when meas- 
ured above wtw^, minus below. 
• •. ^{mb.y) = {mb,, + mb,,)y,, + (m*. 4- 
^K)y. + M. + ^wS.Jy, + {7nb, + mbjy, 

(w6, H-rwi^Jy,. On measuring ordinates 
to the scale of distance and computing 
the sum of the products above, we find 
2(mb.y) = 90.90. ' 

28. It is a principle of the equilibrium 
polygon that if the ordinates mb are 
altered in a given ratio, the pole dis- 
tance is altered in the inverse ratio. The 
ordinates mb are now altered in the ratio 
41.9 to 90.9, which is easily done graphi- 
cally) and the pole distance in the ratio 
90.9 to 41.9. 

The new ordinates mb are laid off ver- 
tically above or below kk^^ according to 
sign, to find all the points c„ c,, . . . c 
in the same vertical with a^ a,, . . . a 
respectively. The points c are points in 
the true equilibrium polygon for the arch, 
for the loads assumed. The centre of 



30 
30 
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pressure on the crown joint is similarly 
found. 

To find the true pole, draw from the 
trial pole, Fig. 6, a parallel to mm^ to in- 
tersection with the load line, then hori- 
zontally to the right, a line of length = 

10000 X ^ = 21696 lbs., measured to 

the scale of loads. The new pole is thus 
located and the true horizontal thrust of 
the arch found to be 

H = 21695 pounds. 

Beginning at the centre of pressure at 
the crown, the equilibrium polygon Oj, c,, 
. . . c„ can be tested by the usual graphi- 
cal construction. 

Those familiar with Prof. H. T. Eddy's 
'' Researches in Graphical Statics," will 
recognize my indebtedness to him in the 
general treatment of the equilibrium pol- 
ygon b and its final location in true posi- 
tion on the arch. 
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ARCH LOADED WITH ITS OWN WEIGHT. 

29. The arch loaded with its own weight only 
can be easily treated when the previous con- 
structions have been made, since the part of the 
equilibrium polygon required, bu • . ., ^lo has 
already been drawn. The closing line mmi is 
quickly determined, as in Art. 24, and the line 
kki is already established (see Art. 25). Then 
as in Arts. 26 and 27, find 2(ka.y) and ^(mh.y) 
for the half arch only, and proceed as in Arts. 28 
and 29 to alter all the mi's in the ratio 2(ka.y) 
to ^(m6.y), and lay off vertically above and 
below kki to fix the points Ci, . . ., Cio, and 
change the pole distance in the inverse ratio to 
find the true pole (Art. 29). In this example, 

the closing line mrrii is found to be 72.22 -f-1 = 

'j_ 
7.22 above v,, .-. 2^\mb.y) =z +38.05 and 

_i 
(Art. 2Q), 2 J'{ka.y)= +20.95. Hence the 
mb's are all altered in the ratio 38.05 : 20.95 and 
the true horizontal thrust (pole distance) = 

10,000 X 11^ = 18,160 pounds. On laying 

off the new mb's from kki, it is found that 

diCi = +0.1, flaCa = +0.1, asCs = +0.07, 
ttiC^ = +0.06, ftftCs = +0.03, aaCa = a7C7 = 
tteCg = —0.09, a«c« = —0.1, ttioCio = —0.1* 

distances above a being plus ; below, minus. 
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30. Demonstration. Since the equi- 
librium polygon b with ordinates all al- 
tered in the same ratio is now in position 
on the arch as polygon c, the closing line 
mw, now coinciding with ii„ we have 
from Eq. (17), Art. 23, 

2(lcc) = 0, 2{kc.x) = 0. 

Also from Art. 25, Eq. 18, the line kki 
was located to satisfy the conditions, 

2{ka) = 0, 2{ka.x) = 0, 

the summation extending over the entire 
arch. On subtracting the last equations 
from the preceding, 

2{ac) = 0, 2{ac,x) = 0, 

and it is seen that the first two conditions, 
Art. 14, Eq. (13), for an arch without 
hinges, are fulfilled. Finally, since each 
mb has been altered in the ratio 41.9 to 
90.9 to the corresponding kc, 2{mb.y) = 
90. 9 has been changed to 2 (key) = 41.9. 
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But, Art. 26, 2{ka.y) = 41.9; there- 
fore, by subtraction, 

2{ac.y) = 0, 

and the third condition of Art. 14, Eq. 
13, is fulfilled by equilibrium polygon c. 
It is thus the true one for the arch "fixed 
at the ends," and with no hinges. 

Unit Stresses, etc. 

31. The normal component T at any 
radial section, as the one through a^ is 
found by resolving the thrust there, as 
given by the proper ray of tlie force dia- 
gram, measured to the scale of force, into 
two components normal and parallel to 
the section, and measuring the normal 
component to scale. Thus T at ^^ = 
24470 lbs. The moment, M = 11/ = 
'H.,a^c^ at ftj, is found by measuring a/\ 
to scale of distance, giving ^^^^ = .41, and 
multiplying by H = 21700 to get the mo- 
ment M = 8897 in foot pounds. The 
stress on the concrete at the extrados or 
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intrados is now found from Art. 11, Eq. 
(9), to be, as c?, = 2.3 

__ 24470 8897 x 1.15 

"" 2.3+0.2 "^ ^^(2.3)''+ 2(0.98)' ^ 

18,274) , , , 

= 'of\a ( pounds per square foot, 
1,oOd ) 

or 127 lbs. per sq. in. compression at the 
extrados and 10 lbs. per sq. in. compres- 
sion at the intrados. 

This will suffice to explain the general 
method of procedure at any section. 

Note that ac is now regarded as + 
when c is above a, — otherwise. 

At the crown, ac = —0.04, and at a^, 
a^c^ = — 0.13, giving compression at the 
intrados on the concrete = 154 at the 
crown and 214 at a^, and likewise com- 
pression at the extrados, 97 at the crown 
and 34 at a^, all in pounds per square 
inch. 

The section at a^ was found to give the 
maximum compression at the intrados. 
These stresses will ultimately be combined 
with the stresses due to temperature. 



61 [§33 

32. It may be thought that a good 
check should te afforded by actually 
measuring a^c^, a,c„ . . . a^^c^^ accurately 
to scale and computing -5'(ac), 2{ac.x), 
and 2{ac,y)y which should each approxi- 
mate zero if the points c have been cor- 
rectly located. As it is perhaps impossi- 
ble to locate any c to two or three hun- 
dredths of a foot, the check is not a good 
one as the distances ac are very small at 
most points. It will be found in this 
case, however, that although ^{ac)y 
2{ac,x)^ 2{ac,y) are not zero, yet if each 
ac is diminished by 0.02 foot, the sums 
change sign, so that it seems here that 
the points c have been located within two 
hundredths of a foot of their correct po- 
sitions. 

33. The resultant on the right spring- 
ing section is found by producing the 
resultant at c^ to intersection with the 
vertical through the centre of gravity of 
the remaining part of the arch and load 
to the right of the vertical through a„ 
combining the above resultant with the 
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weight of this remaining portion (this is 
effected on the force diagram) an i draw- 
ing a parallel to this final resultant 
through the intersection mentioned to 
the springing. Similarly we proceed for 
the left springing. The centres of press- 
ure at both springs are well within the 
middle third, so that the radial depth 
there could be diminished to about 4 feet. 
The greatest departure of the polygon c 
from the centre line a is at a, already 
noted. Here c^ is above «,. Polygon c 
then passes through a, and falls below the 
neutral line, its maximum departure be- 
ing a^r^ =—0.13. At the crown it is 0. 04 
below, at a^^ it crosses the neutral line 
and remains above until near the left 
springing, the maximum + t being a„c,^ 
= 0.13. 

34. The line of the centres of pressure 
varies for different arches, but for tlie 
upper half of the arch, its position relative 
to the neutral line is about the same for 
all circular arches similarly loaded. 
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For a three-centred arch of 89.55' span and 
15.10' rise, having a radial depth at the crown 
1.83', at 25 feet horizontally from the crown 2.29' 
and at the springs 7.56'; and loaded with 125 
pounds per foot on the left half, the. pressure 
line was very similar to the one above except 
that at the left springing, the centre of pressure 
was at the lower middle third limit, at the right 
springing it was slightly below the centre and it 
passed exactly through ai. 

The backing here extended 1 foot above the 
crown and its density was taken as 0.8 that of 
the concrete. The central angle was 32°06.2', 
corresponding to the radius 90.41, the remain- 
ing portion of the intrados being described with 
a radius 46.55. Also the steel bars were placed 
as above, 

A, = ^ sq. ft. and 20 I, = |^ (|^ - 0.17^- 

The stresses on the concrete in pounds per 
square inch at the left springing were 129 at 
the intrados and 4 at the extrados, both com- 
pression ; at the crown the stresses were 288 
compression at the intrados and 59 at the extra- 
dos. There was no tension exerted anjrwhere. 

36. Arches of variable section of any 
material, as concrete, stone, brick or 
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steel, without the ribs enclosed, are to be 
treated exactly as above, except that 
A, = 0, 1, = in the formulas. In Art. 
17 the method of dividing up the arch 
ring is indicated. 

The brick arch should be built of the 
best brick in Portland cement, with thin 
joints (^ inch say). An approximation 
is of course introduced in regarding the 
brick arch as a homogeneous one, but the 
Austrian experiments go to show that the 
theory applied on this hypothesis is suffi- 
ciently reliable. In the brick or stone 
arch, if the mortar cannot take apprecia- 
ble tension, the theory is only valid when 
the centres of pressure on the joints are 
found to lie everywhere within the middle 
third of the arch ring. The stone arch 
of constant section is fully treated in the 
author's '* Theory of Voussoir Arches" 
as regards vertical loads. 

In all arches, the theory considers the 
backing to act vertically only. This is 
nearly true if the weight of roadway with 
its load is carried to the arch through 
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pillars of steel, stone, etc. In the ease of 
earth backing, a certain passive resistance 
to the tendency to spread at the haunches 
is exerted by the earth which may be 
taken as adding to the stability. This 
becomes very pronounced when a series 
of longitudinal spandrel walls form part 
of the backing. This may be considered 
as adding so much to the factor of safety, 
since it cannot be directly evaluated. 

Skew arches are treated exactly as right 
arches, the span being taken on the skew 
and not at right angles to the axis of the 
arch. Full centre or elliptical arches are 
always built with solid masonry backing 
up to a certain height. The part above 
this can be treated as the arch proper and 
the part below as the abutment. Atten- 
tion has been called to the reason for this 
in Article 16. 

TEMPERATURE STRESSES. 

36. The stresses due to temperature in 
in the arch with no hinges are very high 
and should be carefully considered. The 
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theory is simple. Suppose the arch with- 
out weight, and that it exactly fits be- 
tween the skewbacks without stress any- 
where, at a certain mean temperature. 
That is, if the arch was laid on its side 
on a horizontal platform, with the as- 
sumed span, skewbacks and rise, it would 
be without stress at the mean tempera- 
ture. Denote the greatest deviation 
above or below this by f in Celsius de- 
grees, and the expansion of the material 
of the arch for a unit of length and one 
degree by e. The total change in length 
of span of neutral line is /ff , where I rep- 
resents the length of span of neutral line 
in feet, since this is made up of the hori- 
zontal projections of the changes for each 
elementary portion of the arch. 

As the abutments resist this tendency 
to a change of shape, a horizontal thrust 
and bending moment will be experienced 
at each abutment. For a symmetrical 
arch, these will be tbe same for each 
abutment, and the result will not be al- 
tered if we conceive horizontal forces H, 
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to act at a distance e above the centre of 
each springing section, both acting in- 
wards for a rise, and outwards for a fall 
of temperature. On conceiving at the 
centre of each section at the springs, two 
horizontal forces H opposed to each other, 
the force H acting a distance e above this 
centre with one of the opposed H^s, forms 
a couple whose bending moment is He, 
and the remaining H gives the horizontal 
thrust at the abutment. If the section is 
unsymmetrical, substitute throughout for 
centre of the section at the springs, the 
point where the neutral line meets the 
section. If the arcli ring is divided into 
lengths 5j, 6*2, . . ., as in Art. 14, so that 
s -7- (Ij + nl^ is con -tant, then as before, 
since the end tangents are fixed and the 
vertical displacement of the end sections 
zero, 

. • . 2'j :f = 0, ^',{tx) = 0. 

In Fig. 6 (plate), where this division 
of the arch ring was effected, if we sup- 
pose the H at either end to act along kk^^ 
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the two conditions are fulfilled, since 



M = R.ka 



t = ka, 



and by Art. 25, kk^ was located so that • 

2J{ka) = 0, 2J{ka.x) = 0. 

A rise of temperature increases the span 
for a free arch; hence between rigid abut- 
ments, the new span must now be de- 
creased by the same amount to fit it in 
place. Similarly for a fall of tempera- 
ture. In this example, the distance be- 
tween centres of sections at the springs 
= / =53.6 feet. 

By Art. 12, the change of span of neu- 
tral line l€f is given by, 

E,(I,+«I,) 



2H 



s 



2{ka.y), 



E.(I.+«I,) 

the summation extending over the half 
span. 



m 




^ 



»l 



i 
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Since ka = y — e^ 

2{ka.y) = 2y' - e2y, 

' ' ^- 2{2f^e2y) s ^ ^ 

(See Art 25 for e). 

From Art. 26,2(2y' - e2y) = 41.90 
for the arch of Fig. 6. Let e = 0.000012, 
and suppose a fall of 35° C. (correspopd- 
ingto63° F.), .-. 

lef = 53.6 X 0.000012 X 35 = 0.022512. 

The modulus of elasticity of the con- 
crete will be taken at 1,400,000 x 144 lbs. 
per square foot. 

By Art. 15, s -r- (I, + ^I,) = 11.5. 
Substituting the above values in the for- 
mula, and we find, H = 9418.6 pounds, 
for .the pull exerted for an arch 1 foot 
thick for a fall of temperature of 63° F. 
Let us assume a mean temperature of 
53° F, and the extremes, 93° F. and 
— 10° F., corresponding to the fall 63° F. 
and a rise 40° F. Then II for 40° F. rise is 



/fl 
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40 
9420 X ^^ = 5980, and the correspond 

DO 

ing stresses are in the ratio 40 : 63 to 
those corresponding to 63° fall, but of 
opposite character. 

In finding the stresses by aid of Eq. 
(9), Art. 11, the work proceeds as in Art. 
31, H being resolved into components X 
and I to the section. The normal com- 
ponent of H is T of the formula, and 
M = H.ka. 

It conduces to clearness, to find the 
character of the stresses at a ssection of 
the right half of the arch, as that at a„ to 
conceive the left half removed, and to 
replace its action on the right half by a 
single force H along kk^^ acting to the 
left for a fall and to the right for a rise 
of temperature. As kk^ lies above a^, this 
causes compression at the intrados, ten- 
sion at the extrados for a fall, and the re- 
verse for a rise of temperature. 

On computing all the stresses due to 
temperature and combining results with 
those due to the loads, it is found that 
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the maximum tension ever experienced 
is at the intrados at the crown, corre- 
sponding to a 63° F. fall of temperature. 
Its amount is 213 pounds per square inch. 
The maximum compression corresponds 
to 40° rise of temperature and is at the in- 
trados for section at a„, the stress heing 
428 pounds per square inch. The stresses 
where no live load is on the bridge, should 
be ascertained and combined with the 
temperature stresses as above. The rise 
or fall of temperature to be allowed will 
be discussed in Art. 40. 

37. To ascertain the approximation in- 
volved in the above method for finding H 
for temperature stresses, a solid homoge- 
neous circular arch of constant section 
was assumed, the neutral line for the half 
arch divided into 16 equal parts and, for 
the dimensions assumed and a rise of tem- 
perature of 30° C, the thrust was found 
to be II = 201.6 tons. By the formula 
below it was 204.6 tons, a very satisfac- 
tory agreement. 

The formula is exact, except that the 
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nnifonn compression due to T is neglect- 
ed as in the method above, and is given 
by Greene, Howe, Winkler, and others. 
(Winkler^s approximate formula gives re- 
sults differing widely from this exact one. ) 
The formula involves the quantities used 
above, also the radius r of the neutral line 
and the half central angle or, and in the 
most convenient form is, 



„ 2 Eir^ 

U = 



t' 



( oc ^ sin /ar \ 

( h cos a — 2 ) 

Vsm a (^ ) 



A six or seven place table must be used 
in computing the parenthesis in the de- 
nominator. 

38. For the arch of variable section 
having any curves for intrados and extra- 
dos, the formula of Art. 36 can be put 
into another form, which can be used 
when s -h (I, + rH^ is not constant. Let 
I = (I, + n\^ for brevity, and putting 
.^ -T- I under the summation signs, Eq. 
(19) can be written, 
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H = ^J^£__ (30) 

Formula (10), Art. 12, gives 



e = 



2' 



1 



The summation in the formulas of this 
article, extends over half the span only 
on account of symmetry. 

[This formula for e reduces to the pre- 
vious value. Art. 25, when s -?- I is con- 
stant, as it becomes then e = {^y) -r- n^ 
where 2y is the sum of the ordinates on 
the half arch and n is their number. ] 

On substituting the above value of e 
in (20), we are conducted to the formula 
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given by Howe, page 49, in his valnable 
work on Arches. 

In using this formula (20), it is most 
convenient to divide the neutral line into 
parts of equal length, scale off the ordi- 
nates to the centre of each division above 
the span line of the neutral axis (gene- 
rally from centre to centre of skewbacks), 
and tabulate quantities as follows : 



Point 



Dist. 
from 
abut- 
ment 


I 


1 
I 


y 


y2 


y 
f 




• 











I 



Formula (20) saves the tentative divi- 
sion of the arch ring, to make 5 -?- I 
constant. It furnishes some check upon 
the former method. To compare them, 
a steel-concrete arch of 1 00 ft. span, 3 ft. 
depth of key, and 7.5 ft. radial depth at 
spring was, treated by both methods, using 
14 divisions of the semi-arch by either 
method. The first one (« -^ 1 constant), 
gave a result about 4 per cent, smaller 
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than the second where s was taken con- 
stant. 

These determinations should give con- 
fidence in the methods used. It was 
found however that it was highly desira- 
ble to use as many divisions as possible, 
stiy 20 to 30 for the half arch, to attain 
accuracy by use of (19). Possibly 16 
should be a minimum and then the re- 
sult will be too small by a few per cent. 

PROPERTIES OF CONCRETE. 

39. Trautwine gives the following 
crushing loads for concrete, reduced to 
pounds per square inch : 

Age in months 1 3 6 9 12 

Pounds per sq. in. 230 623 1010 1320 1560 

Under favorable conditions, these fig- 
ures may be increased 50 to 100 per cent. 
Several times these figures have been 
found by some experimenters. Possibly 
500 pounds in two months can safely be 
counted on in practice. 

The experiments on tensile strength 
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are very meagre. About 300 pounds per 
square inch ultimate may be given as an 
average, and 150 to 200 is recommended 
by some as a safe stress, and 50 to 60 by 
others. The modulus of elasticity has 
been given all the way from 1,400,000 to 
4,000,000 pounds per square inch for 
concrete. The smaller figure refers to ex- 
periments on a 74.5 feet span and is pos- 
sibly better adapted to practice. The 
modulus for permanent set ranged from 
9,000,000 to 32,500,000. Mr. Hyatt 
proved the expansion of steel and coucrete 
to be equal, whether under load or fire. 
Bauschinger however gives the coeffi- 
cient of expansion for 1° C, referring to 
1 : 2| : 5 concrete, as a = 0.0000088, 
whereas a usual figure for iron is a = 
0.000012. The coefficient for shrinkage 
from setting of cement mortar in air is 
given as about 0. 0010. Mr. Rafter* found 
for cement (1 : 2 to 1 : 4) mortar weighing 
from 119 to 128 lbs. per cu. ft. and sand- 

* Tram. Am. Soc. C. E., Vol. XLU, p. 1!;2. 
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stone weighing 155 lbs. per cu. ft., the 
concrete formed varied in weight from 
139 to 148 lbs. per cu. ft., the volume of 
mortar varying from 33jg to 40^ of the 
broken stone. 

40. What rise and fall of temperature 
shall he allowed? Steel arches readily 
take the temperature of the air and are 
quickly heated by the sun, so that the 
extreme fall and an equal rise^ at least, 
above the mean should be allowed. 

For concrete, stone or brick, it seems 
certain that no such extremes are experi- 
enced, otherwise many of the hundreds of 
concrete bridges built in recent years 
would show cracks, for many of them are 
built of very light section. Concrete, 
stone, brick, and earth are very poor con- 
ductors, and where the arch is covered 
with earth, doubtless its top does not 
vary a great deal in temperature. The 
same may be said for the lower side of 
arch, as it is next the water and screened 
from the direct rays of the sun. As con- 
crete or masonry bridges are usually fin- 
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ished in the warmer months, the mean 
temperature of 53° F. was assumed in 
Art. 36, and a rise and fall of 40° and 
63° respectively. Doubtless half of these 
quantities would be nearer the truth for 
the changes in temperature of the arch 
ring, if 40° and 63° rise and fall referred 
to the air, and the amounts should de- 
crease as the depth of arch or span in- 
creases, though, of course, experiment 
alone can decide the whole matter. 

The exact determination of the maxi- 
mum stresses in concrete arches is compli- 
cated too by other considerations : the 
shrinkage of the concrete and permanent 
set under stress.* The shrinkage should 
not prove so great, if the concrete is well 
rammed, still there will always be some 
shrinkage which will have the effect of 
taking off some of the computed stress 
from the concrete and adding more to the 
steel ribs. 

* See Mr. Molitor's paper on Three-Hinged Masonry 
Arches, in Tram. Am. Soc. C £"., Vol. XL, p. 56, not only 
on this point, but for a complete discussion of the three- 
hinged concrete arch. 
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It may be thought that increasing the 
depth at the crown may be the remedy 
for temperature and allied stresses, but as 
this increases the horizontal thrust, the 
tensile stresses are not greatly altered. 

It is suggested that more steel should 
be used than strict theory requires, with 
the ribs spaced closer together, to make 
the practice conform more to the hypoth- 
esis. This increase can be made to satisfy 
the condition, at any critical point in the 
arch, that all the bending moment du3 
to loads and temperature should be boino 
entirely by the steel ribs at some stress 
under the elastic limit — say 20,000 
pounds. 

It is very evident from the foregoing 
that the steel concrete arch is, in every 
way, superior to the concrete arch, as the 
unit stress actually sustained by the steel 
is small, and it thus furnishes a reserve 
of strength which may be called for 
sometime under exceptional loading. 
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CHANGE OF SPAN. 

41. If the abutments give a small 
amount, the span of the neutral line in- 
creases a small amount d. On replacing 
Uf in the formulas above by d^ the full 
H is found as before. The effect is 
equivalent to a fall of temperature which 
requires the unstrained arch to be fitted 
to a larger span. The result is the same 
for the elastic shortening of the arch due 
to the tangential forces T, hitherto neg- 
lected. The sum of the horizontal pro- 
jections of the shortening of each part s 
of the neutral line, due to T, which can be 
computed, is the change of span, and re- 
places Uf above. 

If the stress /, in pounds per square 
foot, due to T alone, is taken roughly as 
the same on each cross-section of the arch, 
the change of the span of the neutral line 

is OtI} where E is the modulus in 
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pounds per square foot, and I the span of 
the neutral line : / might here be found 
as a rude average for the whole arch. 
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AECH HINGED AT ENDS ONLY. 

42. For an arch hinged at the ends 
onlyy the reactions pass through the cen- 
tre of the hinges, neglecting any friction 
there. As the span is invariable, the con- 
dition to be fulfilled by the equilibrium 
polygon is given by Eq. (11), Art. 12, or 
putting I = I, 4- nl^ for brevity. 






where M, I^, I„ and y are taken at the 
middle of the corresponding 5, and the 
summation covers the entire span. Two 
solutions may be given : In the first, sup- 
pose the neutral line to pass through the 
hinges A, B, and that AB is horizontal. 
Divide the neutral line of the arch ring 
into equal parts, each of length 5, and 
measure on a drawing the vertical or- 
dinates y from AB to the centre a of 
each division, and estimate I = I^ + nl^ 
at each point a. Next, draw, with a 
trial pole, an equilibrium polygon due 
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to the loads, through A and B. Thus, 
through any point A* in the vertical 
through A, construct an equilibrium pol- 
ygon and suppose that it meets the verti- 
cal through B at B\ The ordinates 
through the points a from A*B* to the 
polygon are the values of y* below, which 
can now be supposed laid off from AB to 
give the required polygon passing through 
A and B. It need not be actually drawn. 
For the greatest accuracy, the successive 
weights should be taken as the weights of 
arch and load between the successive a\s 
(as in Pig. 6). 

Then the preceding condition reduces 
to 

since M = H(yj — y), where H is the 
horizontal thrust. Both members of the 
last equality can be estimated. If the 
equality does not obtain, alter all the ordi- 
nates of the type y^ in the ratio 
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(?) - ^ m 



to locate the points of the true equilib- 
rium polygon satisfying the conditions. 
The true horizontal thrust is equal to the 
trial thrust multiplied by 



(?)-<)■ 



The second solution requires the divi- 
sion of the neutral axis to be made as in 
Art. 14, thus leading to the simple con- 
dition, 

2My = or 2y^y = 2y^, 

and the solution proceeds as above. 

Also see "Theory of Solid and Braced 
Elastic Arches " for I xjonstant and for 
temperature stresses. 

ABUTMENTS. 

43. Lack of space prevents an extended 
treatment of abutments. The reader may 
consult for partly empirical formulas 
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Trautwine's " Pocket Book/^ Dubosque^s 
*' Pouts et Viaducts," or Van Nostrand's 
Magazine for Dec. 1883. The resultant 
acting on any joint of the abutment is at 
once found by combining the ascertained 
thrust of the fM^ch with the weight of 
abutment and load over the joint. It 
should pass within the middle third. To 
avoid sliding it is well to construct the 
courses perpendicular to the resultant. 

THE SPANDREL RESISTANCE FOR VOUS- 

SOIR ARCHES. 

44. It will prove interesting to give a 
construction for spandrel resistance at 
this point.* It is found by assuming that 
the resultants on the successive joints or 
sections, are tangent to the centre line of 
the arch ring. Thus in the full centre 
arch of Fig. 7, lay off, on the extreme 
left vertical upwards, the loads from the 
crown to each joint in turn. Thus — 11 

♦ See Rankine'8 Civil Engineering, Art. 188. 
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is the load (to scale) of arch and spandrel 
from the crown to Joint 1 1. Draw oe par- 
allel to the centre line at joint 11 — ^the 
construction shown effects this easily, by 
drawing o,ll through the intersection of 
6',11 with the semi-circle. Next draw a 
horizontal line throngh 11 on the scale of 
loads, to the intersection e with the line 
just drawn ; then oe represents the mag- 
nitude and direction of the resultant at 
joint 11, whose two components o,ll and 
«,11 are respectively, the load from the 
crown to joint 11, and the total horizon- 
tal thrust exerted below joint 11. 

On repeating this construction for 
each joint, we find the horizontal thrust 
exerted below each joint; the horizontal 
thrust, then exerted upon a single vous- 
soir, as that between joints 11 and 12, by 
the spandrel, is thus the difference be- 
tween the line e,ll and the horizontal 
/,12. At joint 8, called ^^ the joint of 
rupture," the horizontal thrust obtains 
its maximum ; and above this point, in 
this case, the spandrel would have to 
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exert tensile forces to cause the centre 
line to become the true line of pressures; 
but if it cannot do this, the horizontal 
thrust from joint 8 to the crown is con- 
stant. 

In the latter case, the tangent to the 
centre line at joint 8 is produced to inter- 
section n with the vertical through the 
centre of gravity of the load from the 
crown to joint 8, and from this point 
nm is drawn horizontal to intersection m 
with the crown joint. From this centre 
of pressure, the line of the centres of 
pressure is drawn as usual, as shown by 
the dotted line down to joint 8, from 
whence it follows the centre line as as- 
sumed. (Of course this is not the true 
curve, as we shall see further on.) 

45. This tacitly assumes incompressi- 
ble spandrels, for as an actual semi-circu- 
lar arch, on striking the centres, tends to 
spread outwards at the haunches, if this 
tendency is entirely prevented by the 
spandrels, this can only happen with in- 
compressible spandrels. 
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To illustrate, in Fig. 8 is drawn a line 
of resistance (not the true one) for the 
arch subjected to an eccentric load on 
the supposition that no spandrel resist- 
ances are experienced. 

This curve or any other that may be 
drawn (including the true one) would 
pass near or outside of the extrados, at 
joints 16, so that the arch would tend 
to rotate outwards about these joints 
and thus spread at the haunches. If the 
spandrels really form an extension of the 
abutment upwards with equal solidity of 
construction, especially if they are bonded 
with the voussoirs, as is usual, their ac- 
tion is approximately as indicated above, 
and as a basis for computation, the arch 
and spandrel from joints 8 down, with the 
abutments proper, can be regarded as an 
immovable abutment, and the part of the 
i.Tch above joint 8 can be treated as an 
dastie arch by preceding methods. The 
equilibrium polygon for this upper part 
of the arch is then found as in Art. 18, et 
seq., if it nowhere leaves the middle 
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third. * It of course does not agree with 
the dotted curve from m down to centre 
of joint 8, but lies on either side of the 
centre line. At joint 8 the true centre 
of pressure lies below the centre of that 
joint. Below that, the spandrels exert 
just so much resistance as to cause the 
line of the centres of •pressure to keep 
near the centre line, so that no appreciable 
spreading occurs. These resistances could 
easily be estimated by a method some- 
what analogous to that given in Art. 43, 
but the results, even when known, are of 
but little importance. 

A better disposition of the masonry 
would be to omit the spandrels and to in- 
crease the radial depth of the arch ring 
from joint 8 (about) to the abutments, so 
that the true line of the centres of press- 
ure, should everywhere be contained in 
the middle third for the loading assumed. 

This plan is actually cheaper for a con- 



♦ Also see the author^B " Theory of Voussoir Arches,* 
2d edition. 
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Crete arch. If spandrels were used here, 
and the whole, from crown to abutment, 
was treated as a solid arch, after the 
method of Art. 18, etc., it would be 
found, as in the example treated there, 
that the part from joint 8 down, exercises 
but little influence upon the curve of 
pressure, so that it can practically be 
treated as a part of the abutment. 

METHODS OF FAILURE OF ARCHES. 




Fig. 9 



46. In Fig. 9 is shown the method of 
failure of semi-circular arches when the 
abutments are too narrow : the crown 
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sinks and the joint opens at the intrados 
at V and at the extrados at K and R', the 
spandrels crack above R and R\ and a 
portion wRCKX of spandrel, arch and 
abutment, detaches itself, rotating about 
X. A portion XKS of the abutment is 
left standing when the mortar is weak. * 
In Van Nostrand's Magazine for March, 
1873, page 193, is described the Pont-y- 
Tu-Prydd arch bridge of 140 ft. span, 35 
ft. rise and only 1 ft. 6 in. depth of rubble 
arch ring in the body of the arch! The 
curve is an arc of a circle. On striking 
the centres, the arch fell, the weight of 
the haunches forcing up the crown. The 
mason, noticing this, lightened the span- 
drels with cylindrical openings, filling 
the space between with charcoal, and 
succeeded in making the bridge s^nd. 
The resistance line is found to be every- 
where contained within the arch ring and 
the bridge stands to this day. It may not 
only prove instructive as a precedent to 

♦ See other methods of failure of arches given in ''The- 
ory of VouBBoir Arches, 2d ed., Art. 23 and Appendix. 
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be avoided as regards the very thin arch 
ring, but it illustrates the only method 
of failure of a segmental arch with im- 
movable abutments (when crushing of the 
voussoirs is not in question) and shows 
besides, that the stability of the segmen- 
tal arch is increased by lightening the 
spandrels. This lightening the load over 
the haunches can be effected in various 
ways, as by substituting walls parallel or 
perpendicular to the outer spandrel walls 
connected by flags or arches, for the solid 
backing, or using a steel framework for 
the interior walls, etc. An approximate 
construction will give at once the height 
of surcharge (supposed homogeneous and 
and of same density as the voussoirs) in 
order that the centre line of arch ring 
may be the true equilibrium curve. 

HEIGHT OF SURCHARGE FOR EQUI- 
LIBRIUM. 

47. In Fig. 10, divide the half span of 
centre line into equal parts, and erect ver- 
ticals meeting the centre line of arch ring 



5«] 



in a^,a, ' . . - ; call the mid points of aa„ 

rt,(T„ . . . , c„ c„ ■ . . , respectively and 
consider ac^c^c,, . . . , the equilibritim 
polygon for the arch. From some point 
A, draw Al horizontal, A3 || c,c„ A3 I 
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r,r„ . . ., and draw the vertical 12 3..., 
such a distance to the right of A, that 
the intercepted length 1 2 is equal to the 
median (vertical from soffit to top of sur- 
charge) at Cj or depth at crown nearly. 
Then the length of medians at c,, c„ . . ., 
are 2 3, 3 4, ... , respectively and the 
load acting at c^ or c^, . . ., is thus equal 
to the corresponding median, multiplied 
by horizontal projection of a«j, or afi^, 
. . ., multiplied by unit of weight. 

The walls, arches, charcoal, etc., can 
now be designed to give these weights at 
the respective points, in which case the 
centre line is the equilibrium polygon for 
dead load, assuming all loads to act ver- 
tically. The latter hypothesid is nearer 
the truth when cross walls are used. 

48. If the cross walls are at other points 
than those marked c^ the weight of any 
one with its load, must equal the median 
along its vertical centre line, multiplied 
by the sum of the horizontal distances 
from this median to verticals drawn mid- 
way between the vertical axes of adjacent 
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cross walls and this product then multi- 
plied by the weight per unit. This as- 
sumes the cross walls spaced equal hori- 
zontal distances apart. 

When longitudinal walls are used, their 
whole weight first rests upon the arch; 
but if the arch sinks appreciably, a small 
amount may be carried directly to the 
abutment, through cantilever action aided 
by friction. The theory of vertical loads 
would then seem to be admissible. Bat 
an important fact must be noted, i.e., 
that these walls resist spreading of the 
arch at the haunches and thus add mate- 
rially to the stability for arches of large 
central angle. 

Compacted earth filling can furnish 
little or no active horizontal thrust, but 
it likewise adds to the stability by resist- 
ing appreciably any tendency to spread 
at the haunches. 

49. If the centre line is a parabola, it 
is easy to show that the upper limit of 
the surcharge must be everywhere the 
same vertical distance from the soffit; so 



97 ' [§49 

that where the surcharge is very high the 
parabola is the best form of arch ring. 

This may be shown analytically, in an easy 
manner. Thus conceive ai.aj, . . . a», Fig. 10, to 
consist of a thin metallic ring, that is to sustain 
a uniform horizontal load, w per foot, without 
bending ; required the form of the curve «...«». 
It is necessary that the line of pressures coincides 
throughout with the rib, for if it departs from 
it at any point, the resultant for that point 
multiplied by its lever arm to that point, gives 
a ber ling moment M, which the thin rib is sup- 
posed incapable of resisting. 

Let aA be the axis of X, the vertical down 
from a the axis of Y. The resultant at a is the 
horizontal thrust Q. Take moments of this 
force, and the downward acting weight on the 
part aaty about at, whose coordinates are y and x, 

Now M must equal zero for every point of the 
arch, in which case t?ie line of preasitrea will 
coincide unth the figv/re of the rib. 
Placing M = 0, we deduce, 

w ^ 

the equation of a parabola, Q.E.D. 



CHAPTER II. 

UNDERGROUND ARCHES. 

t 

FORMULAS FOR PASSING A LINE OF RE- 
SISTANCE THROUGH THREE GIVEN 
POINTS. 

50. In the arch ADB, Fig. 11, suppose 
it required to pass a line of resistance 
through the points A, E and B. 




Let C be another point of this curve, 
at the crown, where the horizontal com- 
ponent of the pressure is Q, the vertical 
component P. Call the vertical compo- 
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nents of the loads on the segments AD, 
DB and ED, P^, P,, P,, respectively; 
their horizontal components, T„ T„ T„ 
respectively. 

Call the perpendicular distances from 
P, and T, to A, a, and c, ; from P, and 
T, to B, a^ and c^ ; and from P, and T, 
to E, ^3 and c^, respectively. 

Also call the vertical distances of C, 
the point of application of the inclined 
thrust at the crown, above A, B and E, 
Jj, b^ and J,, respectively; and the hori- 
zontal distances of the same points, A, B, 
E, from the crown, ^„ g^ and g^, 

51. We now take moments in turn 
about A, B and E. In Eqs. (1) and (3), 
we suppose the arch to the right of the 
crown removed, and its effect replaced by 
the resultant of P and Q acting to the 
left, P being + when acting upwards; in 
Eq. (2), the part left of the crown is sup- 
posed removed, and a force equal and 
directly opposed to the resultant of P and 
Q acting to the right. 
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We thus find : 

«.Px-^xP + ^xT„=J,Q (1) 

a,F,+g,P-^c,T^=b,Q (2) 

a,P,^g,F-^c,T,=b,Q (3) 

Equating the values of Q in (1) and (2), 
we find, 

Prom (1) we obtain, 

These equations suffice to determine P 
and Q, when the position of C is known. 
When, however, we can only locate the 
points A, E and B, the values of P and 
Q and the position of C is found as fol- 
lows : 

For convenience let us make the fol- 
lowing abbreviations : 

9^+9z=d^, g,-g,=d,, g.-^-g^^d,, 
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Now subtract (2) from (1), 

a,P,-a,P,-PtZ3 + 6?,T,-c,T,=Qe,. (6) 

also, subtract (3) from (1), 

a.P,~a,P,-PtZ, + c.T,-c,T,=Qe,. 

Equating the values of Q drawn from 
these last two equations, and noting that 

we have, 

P = 

g.(a,P,+6',T,)-e,(fl,P,+g,T,)+e3(a3P,+g,T3) 

(7) 

Substituting in Eq. (6) the value of P 
just found, reducing the terms of one 
member to the same denominator, col- 
lecting like terms, whose coefficients are 
of the type ed^ and noting that e^—e^-=.e^ 
and d^—'d^^d^y we have, 

Q = 

c^d^ — e.d. 

(8) 
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From (1) we have, 

to fix the position of C at the crown.* 

We have always for the reactions at A 
and B, P'= P — P, P"= P,+ P, Q'= 
Q-T„ Q"=Q-T,. 

52. The above equations apply directly 
to iinsymmetrical arches, solicited only 
by vertical forces by making T„ T,, and 
T, zero. 

When the arch and load is symmetric 
cal, P = 0. If the point of application 
at the crown is known, we have from (5), 

Q = ""'^^ ^ ^''^'' (10) 

If two points A and E are given, we 
have then g,=g^y A,=A,, d^=2g^, «,=o, 
Pi = P„ Tj=T„ a,=a„ c,=c^; whence 
from (8), 



* A graphical constraction can be giyen for the general 
case, but is omitted for want of space. 
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Q^ a,P, + g,T,~(a,P,-fg3T,) ^^^^ 

The position of Q is then found from 
(9) by making P = o. 

Eq. (11) is very easily deduced inde- 
pendently. 

APPLICATION TO CULVERTS. 

53. Let Fig. 12 represent a culvert 
having no masonry backing, with the em^ 
bankment above it partially complet 
so that when the material of the embank- 
ment is reduced to the same specific grav- 
ity as that of the arch, a line ai (taken 
straight for simplicity) will limit its top; 
the earth being level to the left of a and 
to the right of i. 

The tables for the vertical forces are 
made out as usual.* The mean heights 
of the trapezoids are represented by the 
dotted lines and the sum of the first three 
trapezoids will be considered as the sur- 




• See the author ^s " Theory of Voussoir Arches. 
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face from the crown to the third joint; 
similarly for other joints. 




Fig. 12 



The horizontal forces are due to the 
earth pressure and are very difficult to 
estimate exactly, In a mass of earth 
with an unlimited level surface^ the hori- 
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zontal pressure per square unit at a 
depth a;,* 

^ l+sm. # V » / 

When the upper surface is at the angle 
of repose i^, the pressure per square unit 
of a vertical plane parallel to the slope, is, 

• 

p' = WX COS. i^, 

w represents the weight per cubic unit of 
the earth. 

These formulsB are modified, when the 
earth is not of unlimited extent, the fric- 
tion of the abutting surfaces causing a 
change in the direction of the pressure. 

As the surface above is sloping from a 
to y, and level elsewhere, only a rough 
approximation to the pressure is possible. 

Cohesion, likewise, plays an important 
role in earth pressure; its influence be- 
coming much more marked as the em- 

♦ See Rankine'H " Ci^'U Engineering," p. 322; also Van 
Noetrand'8 Science Seiies, No. 3, pp. 99, 100. 
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bankment grows older. For new embank- 
ments it is well to neglect ii>. 

Let us assume, as a rough approxima- 
tion, that the horizontal pressures, due to 
the earth, on voussoirs 1, 2, 3 and 4, cor- 
respond to the heights x measured along 
the dotted lines from the extrados of each 
voussoir to the surface ai, and are given 
by formula for p above. 

The surfaces against which these press- 
ures act for voussoirs 1, 2, 3, 4, are, bc^ 
cd, de, ef, respectively ; so that the hori- 
zontal pressure acting on the third vous- 
goir, for instance, is equal to the product 
of the height de^ by the height of the 
surcharge from the extrados to the sur- 
face, by tafi' (45—^^), (tv being taken 
as unity). In the following examples let 
^ = 30°, so that, tan' (45 -|^) = f 

The horizontal pressure then upon the 
third voussoir is, deXxx^, It may be 

written ^ for any voussoir. The lever 

arms of these forces, about the top of the 
arch, are the vertical distances from the 



t 
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line hh to the middle of the segment- 
hc^ cdy de and ef. The sum of the mo- 
ments of these forces, down to any joint, 
divided by the sum of the same forces, 
gives the vertical distance from the line 
bh to the resultant of the forces taken. 

54. Example. — Let the span of the 
semi-circular culvert, Fig. 13, be 11.30 
units of length, the depth of voussoir 
0.94, the height ab of the reduced sur- 
charge 25.12, and the height My 12.56. 
If the backing was solid up to bh, the 
horizontal forces would be due more 
nearly to the depth from a to the vous- 
soirs on the left, and from i on the right. 

Now let it be required to pass a curve 
of resistance, 0.41, below the top of the 
crown joint, and through the lower mid- 
dle third limits, at joints six on either 
side. 

The vertical loads from the crown to 
joints six on left and right are Pj = 
133.23, P,= 101.28; the distances of 
their resultants from the verticals through 
the crown are 3.01 and 2.79 respectively, 
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whence by measurement on the drawing, 
^,= ^3=5.1 and «!= 5.1 —3=2.1, a,= 
5.1-2.8=2.3. 
Similarly, 

T,= 26.41, c,= 3.5-1.7 =1.8 
T,= 18.51, c,= 3.5-1.6 = 1.9. 

whence, by Eq. (4), 

Also, by Eq. (5), Q = 96. 

Now lay off on vertical lines, 08, to 
left and right of the centre, the vertical 
loads from the crown to the joints in 
order. Also lay off the distances, on the 
horizontal through the summit, from the 
crown to the centres of gravity of the 
total vertical loads in order. Thus S6 = 
3.01, corresponding to Pj= 133.23. 

Next, lay off on the horizontals through 
1, 2, . . . , to 1', 2', . . . , the total horizon- 
tal forces for the left and right side respect- 
ively. Also lay off on vertical lines their 
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points of application. Thus the total 
horizontal earth thrust from the crown to 
joint 6 on the left is T,= 26.41 ; and its 
point of application is ^6= 1.71 below the 
summit. To find the thrust at the 
crown, lay off mn = Q horizontally, and 
no = P vertically downwards : mo { = vo 
drawn || mo) is then the resultant at the 
crown joint in position and magnitude. 
Now, to find the centre of pressure on a 
joint, as the 6th on the left, draw vertical 
and horizontal lines 6Z>, ijb, through the 
points of application of P, and T^, to in- 
tersection b; which is thus the point of 
application of the resultant of P^and T,, 
represented by a straight line from to 6 
in the force polygon on the left. From 
b draw bd \\ 06' to intersection a with mo 
produced ; from a draw ac \\ v6' to inter- 
section with joint 6 at its centre of press- 
ure. It is evident that the resultant 
there is represented by the line v6', the 
resultant of 06, 66' and vo, or of P„ T,, 
and the inclined thrust at the crown; 
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similarly on the right side, to And ihe 
position of the resultant on joint 8, we 
find d, 3.29 to the right of ^ and 3.34 
below it; thence draw tZe ( 08' to inter- 
section e with mo prodnced ; thence draw 
ef I vS' to f the required point ; the 
magnitude and direction of the resultant 
being represented there by the line i;8'. 

The line of the centres of pressure thus 
found, represented by the dotted line, 
leaves the middle third at joints 4, 5 and 
8 on the right, and at joint 8 on the left. 

A line nearer the truth, if the passive 
resistance of the earth is still neglected, 
would probably have m raised somewhat 
and / nearer the extrados. 

55. The earth is next supposed level at 
top, the distance ba = hj\ Fig. 12, being 
25.12 units. On making out vertical 
and horizontal forces as before, for one 
side only, we find from Eq. (10), Q = 
122.2 cubic units of stone, on passing a 
curve of resistance through the upper 
middle third limit at the crown and the 
lower middle third limit at joint 6. 



Ill 
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The curve thus found keeps every- 
where in the middle third except at 
joints 8, where it nearly reaches the ex- 
trad os. 

56. If the arch stones are not increased 
in depth near the abutment, joints 8 will 
.tend to open at the intrados; but this they 
cannot do unless the haunches spread; 
which is in turn resisted by the span- 
drels ; or if there are none, by an increased 
horizontal thrust which tlie earth is capa- 
ble of putting forth, thus keeping the 
line of resistance within the arch ring, 
e.g., within the middle third, if the de- 
formation that the earth permits is small. 

Experience shows that very thin arch 
rings, built in rubble, often can fulfill the 
conditions of stability when embanked 
over carefully ; the centres being struck 
after the embankment is mostly com- 
pleted. * 

The theory of earth pressuref demon- 



* See Trautwine'B '' Engineer's Pocket Book,'' p. 847. 
t See Van Nostrand'e Science Series, No. 8, p. 46. 
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stTfktes that the earth is capable of exert- 
ing much greater passive resistanceB than 
active thrusts, but their exact amounts 
are uncertain ; though if a line of centres 
of pressure is assumed from about joints 
5 down, to lie near the centre line, their 
magnitudes can *be found after the meth- 
od of Art. 43. If the arch stones are 
increased in size near the abutment, so 
that a line of centres of pressure can every- 
where be inscribed in the middle third, 
the arch will need but little aid from the 
passive resistance of the earth, and this 
precaution is strongly urged. 

57. The dimensions of the preceding 
culvert and surcharge may be taken in 
any unit, as feet, meters, etc. 

If the unit taken is the meter, it corre- 
sponds to a railroad culvert at Schwelm, 
the top of the embankment being 31. "40 
above the top of the arch, corresponding 
to a weight 25. "12 high of materials as 
dense as the voussoirs, as given by Schef- 
fler. 

The normal pressures on joints 6 or 8 are 
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about 41.5 tons per square foot, if uniform- 
ly distributed, and 83 tons when the press- 
ure acts at the middle third limit. Gran- 
ite or limestone has a crushing weight of 
400 to 500 tons per square foot when of 
good quality, which was not the case 
here, and a large number of voussoirs 
were crushed in various parts of the arch 
in consequence. If the unit of the draw- 
ing, Fig. 13, is the foot, the uniformly 
distributed normal pressure per square 
foot, is 11.3 tons, and if the centre of 
pressure on the critical joint was at the 
middle third limit, the stresses would be 
22.6 tons per square foot at the intrados, 
which sandstone and best brick are able 
to sustain. 

In the case of very high embankments, 
the full height of the surcharge does not 
bear on the culvert or tunnel arch, part 
of it being carried by friction and a nat- 
ural arch action ^o the sides.* 

In designing the abutment for a cul- 

* See Van Nostrand^s Science Series. No* 3, pp. 11, 12, 
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vert, it is well not to count on this action 
and since the ground generally rises ab- 
ruptly from the foundation, it is advisa- 
ble not to count on any horizontal earth 
thrust against the back of the abutment 
unless the earth is well rammed. The 
thrust of the arch on the abutment can 
be found approximately as in Art. 54, 
taking the centres of pressure at the 
crown and haunches (about joint 5, Fig. 
13), at the centre of the joints for addi- 
tional safety. 

TUNNEL ARCHES. 

58. The indetermination as to the real 
acting forces is much more pronounced 
for tunnels, so that experience has to be 
resorted to. Raiikine gives the following 
formula, founded on practice, for the 
minimum thickness, t of tunnel arches, 

^=i/.12r, ^ = y- 

where a = rise and h = half span. 

'* This is applicable where the ground 
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is of the firmest and safest kind. In soft 
and slippery materials, the thickness 
ranges from i/."27fto i/A8r.'' 

The arch is peculiarly adapted for a 
tunnel support ; for it is the great ad- 
vantage of the arch, that it will not he 
forced in in one place without it is forced 
out at another. The latter the envelop- 
ing mass generally prevents, if stones 
and earth are packed in tight back of the 
arch ; so that the arch so constructed 
should generally stand unless crushed 
from a too heavy load. 

As, in practi3e, tunnel arches are not 
thus crushed, we may infer, as stated be- 
fore on theoretical grounds, that only a 
part of the superincumbent material 
presses on them. In every deep tunnel, 
the thickness of the arch ring is not in- 
creased over that due to a comparatively 
small height, as is inferred from the pre- 
ceding formula. 

If a quicksand is encountered on one 
side or the other, the curvature of the 
arch must be sharply increased there, or 
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the arch may be forced in, as has hap- 
pened m certain treacherous clays. 

59. Assuming the preceding formulas 
for earth thrust and the depth of sur- 
charge that is supposed to press, in ac- 
cordance with this theory, the stability 
of a tunnel arch is investigated as pre- 
viously explained in the case of culverts. 

Thus take the tunnel arch under the 
Thames,^ Fig. 14, v^hose dimensions in 
feet are as follows : the thickness of the 
arch ring i s ab out 3, the radius of the 
upper part 0..6 is 7; and of the inferior 
part 6.. 10, 28.26 feet ; the upper paii; 
being formed of three concentric rolls 
without bond, but supposed to act as one 
mass. 

The earth and water above the tunnel 
is supposed to exercise upon the arch a 
pressure corresponding to a load 24. 75 ft. 
high of material like that of the vous- 
soirs; the reduced surcharge being sup- 
posed level at top for simplicity. 
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Fig. 14 



One line of resistance drawn is repre- 
sented by the dotted line, and leaves the 
inner third of the arch ring at joints 9 
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and 10. Howeyer, if the earth is packed 
tight around the arch, joint 10 cannot 
open on the inside as the haunches can- 
not spread, and in fact, the induced (pas- 
sive) resistance of the earth, giving 
greater horizontal forces than assumed, 
will cause the centres of pressure below c 
to lie nearer the centre of the joints. It 
is better thus than to have the centre line 
coincide with the dotted curve througl:- 
out ; for then, if the active earth thrusts 
are actually greater than computed tlio 
arch ring may be forced in somewhere. 
We conclude that this arch is well de- 
signed as to form. 

AVhen a tunnel is constructed through 
firm earth, the active horizontal earth 
thrusts are small and even nil in some 
cases, so that the portion from joints 6 to 
10 may be made vertical. This should 
not be done if the material is a kind of 
clay that swells when exposed to air and 
moisture. In Fig. 14, the inverted arch 
at the bottom is intended to prevent the 
forcing in of the sides. 
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THE ELLIPSE THE PROPER FORM FOR A 

TUNNEL ARCH. 

60. The resistance line in Fig. 14, re- 
sembles a portion of an ellipse. 

We can easily prove analytically that the 
ellipse is the proper form for a tunnel arch, when 
the depth of surcharge is so great that the in- 




Flg. 15 



tensity of the thrust of the earth at any part of 
the arch is practically the same. To take the 
most general case, let the top surface of the 
earth be J OY in the adjoining Figure. Call 
the pressure, per unit of inclined plane OY, in 
a vertical direction, p ; the conjugate pressure 



121 [§60 

in a direction | OY, per unit of a vertical plaue 
OA, can be represented, according to the theory 
of earth pressure, by cp, c being a constant. 
Let OA = «, AB = y, OAB = 0, and call the 
thrust at O in the direction OY, tangent to the 
rib BOD at 0, pT. This rib, or " linear arch," 
is not supposed to have any bending moment at 
any point, otherwise a deformation would ensue, 
The total vertical pressui^e on OB is py, the con. 
jugate pressure is cpx. Being uniformly dis- 
tributed, their lever arms about B are 

ysi^, ^sm^ respectively. 

Now, if any point, as B, of the arc is to be a 
point in the line of pressures, we must have, 
taking moments about B, 

pTx^in. e = (^+-^) sin. 6, 

.-. y^=2Tx-ex\ 
the equation of an ellipse, 

Q.E.D. 

The equation of an ellipse referred to a diameter 
and the tangent at its vertex, a and b being the 
semi-conjugate diameters, is 
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Comparing with the above, we hare, 

T - *' , _ "i* _ *• 
a p or 

Or, Tlhe intensities of the conjugate pressures 
are as the squares of the diameters to which 
they are parallel. 

If in the equation above we make, a;=OA=o, 
we find, y=AB=6; whence from the last equa- 
tion, 

a. cp _b_ 
h.p ~ a' 

Now the thrust at = joT = a>cp, whilst that at 
the ends of the conjugate diameter DB, acting 
I OX, is hp; hence, these forces are proportional 
to the diameters to which they are parallel. 

To construct the arch, c and a or 6 must be 
given to find the other semi-diameter from the 
equation, c = J*-i- a*. 

When the Top Surface of Eaeth is Level, 
OY becomes level, and $ = 90°. a and b are 
now the semi-axes of the ellipse. From the 

theory of earth pressure, -^ = tan.' (45** — Jft, 

whence, for a tunnel arch, 

horizontal semi-axis _ 5 _ ^ 

vertical semi-axis ~~ a ~" * ^ "~ * ' * 

being the angle of repose. 
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Next, make c = 1 (0 being 90**) and the ellipse 
becomes a circle. At any point of the circle 
consider the two equal forces, p, p, at right 
angles and acting on a unit of area of planes X 
to them. Their resultant acts normally to the 
circle, and its intensity is easily found to be p, 
the intensity of the vertical and horizontal com. 
ponents. 

Calling r = a = b^ the radius of the circle, we 
have the thrust at = pT = pr, or th^ product 
of the intensity on a unit of circumference hy 
the radius. This thrust is the same all around 
the ring. The above are the principal deduc- 
tions by Rankine for the arches considered 
above, but the proof is entirely different to that 
given by him. The last formula is sometimes 
used to find the horizontal thrust at the crown 
for a symmetrical arch uniformly loaded, as the 
pressure there is normal to the equilibrium 
curve, and its intensity p is equal to the depth 
of arch and reduced surcharge at the crown, 
multiplied by the weight of stone per cubic unit. 
As the radius r of the linear arch at the crown, 
is not known, it may be assumed equal to that 
of the intrados there, and the approximate 
thrust = pr computed. 

Du Bosque uses this formula of Navier's for 
the thrust, in dealing with the arches of certain 
proportions examined by him, but, of course, for 
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other proportions it would not work. SoiJ^e- 
times a rough approximation to the thrust is ed\ 
that is wanted ; in that case, the formnU i^ 
serviceable. 






CHAPTER III. I 

I 
( 

GROINED AND CLOISTERED ARcIhES. 

61. Groined and cloistered archejs are 
formed by the intersection of two cylin- 
drical arches, having the same ris^ and 
their axes in the same plane. The 
groined arch is formed by removing those 
portions of each cylinder which lie under 
the other and between their common 
curves of intersection ; the cloistered arch 
by removing the portions of each cylin- 
der above the other and exterior to their 
common intersection. 

The forces exerted in any part of a 
groined arch of masonry are best shown 
by an example. 

GROIN^ED ARCH. 

. 62. Let the square ABCD, Fig. 16, be 
the plan of a groined arch, AC and BI) 
representing the groins ; the elevation is 
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shown, at BMC of the front face AD. 
There are abutments at A, B, and D, 
one of which is shown at A in plan. 

Let us divide the portion of the arch 
.ind load between the groins into simple 
(cylindrical) arches, as AID, ajo, . . 
which rest at their extremities on the 
groins AE, DE. We can estimate the 
stability of any one of these arches by 
principles previously established, aud find 
the resultant pressure that it exercises 
upon the groin. The latter supports a 
similar pressure from each side; the re- 
sultant of these two pressures, which is 
generally oblique, can then be decom- 
posed into horizontal and vertical corapo- 
nents, which are the forces to be used, in 
their proper positions, in ascertaining the 
stability of the simple arch constituting 
the groin, and also of the abutment 
against which it leans. 

In this example the dimensions are 
given in meters, though any unit may be 
tak-n. Let AD = 7.54; the arc AFL> 
in i»lan, a semicircle whose radius is thus, 
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OB = 3.77; depth of keystoue KL = 
0.47; the height of surcharge above it, 
LM = 1.26. Divide the serai-groin AE 
into a number of equal parts, four in the 
figure, and suppose each simple arch, as 
AID, to terminate at the middle, a^, of 
its corresponding division. Project up 

<*i? ^9> «t» ^4 to ^i> ^,> ^t> ^4» in elevation. 
Then on this supposition the weight AIF 
sustained at a^, is represented in elevation 
by MN^^K, supposing the joints vertical. 
Similarly for arch a,JI, etc. If an ele- 
mentary arch a^Jlo could change shape 
under stress independently of the adja- 
cent arches, its resistance line would be 
uniquely determined by the theory of the 
elastic arch, and the centres of pressure 
for the successive arches b^, J„ ft,, ft^, at 
their respective springings, could be 
found. As this hypothesis cannot be said 
to obtain, the points b are indeterminate. 
It is perhaps safe to take them on or near 
the centre line down to the vertical 
through B, which limits the construction. 
In this example another plan (not so 
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good) was adopted. Thus, for arch aJFcy 
tbe centre of pressure at the crown was 
taken at the upper middle third limit, 
and at b^ at the lower middle third limit, 
from which the resultant at {a^ b^ can be 
found. For the other arcs, as rtjIJ, 
retain the same value and position of Q 
at the crown. We thus find from the 
diagram for arc AID the resultants in 
amount, position and direction at the 
points {a^, b,), (a„ b^), (a,, b,) of the 
groins, due to all the arcs in the space 
AEF. 

In the following table of volumes and 
centres of gravity corresponding to MN4K 
V = volume of trapezoidal prism lying 
just to right of joint to which it refers 
= width X mean height X IF. 

In this case IF = JI = 0.94. I is the 
distance of the centre of gravity of the 
trapezoid from the crown, and ?/i the cor- 
responding moment. V is the volume 
from the crown to* the joint to which it 
refers, found by adding the numbers in 
column V. Similarly M is formed from 
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M 



the 



m, and the quotients -:^ = C, give 

distances of t^e centres of gravity of these 
volumes V from the crown. 



Joint 


V 

.78 
1.68 
2.04 
3.74 


.24 

.96 

1.91 

2.87 


m 


V 

.78 
2.46 
4.50 
7.24 


M 


C 


1 


.1872 


.1872 


.24 


2 


1.6128 


1.8000 


.73 


3 


3.8964 


5.6964 


1.27 


4 


7.8638 


13.5602 


1.87 




7.24 




13.5602 







Laying off 1™.87 from the crown to 
the left on Q prolonged and drawing from 
this point a straight line to ft^,-we have 
the direction of the resultant at b^. Its 
amount is found by laying off P^ = 7,24 
on the vertical, through the point 1.87 to 
left of the crown, downwards, and then 
drawing a horizontal line to the resultant, 
which may now, as well as Q, be scaled 
off. We thus find Q = 5.45. 
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Next, combining the forces at a„ a., a., 
and a^, due to the arcs on either side of 
the groin AE, we have for the vertical 
components of the resultants at a^ a,, a,, 
a^^ 1.56, 4.92, 9., 14.48 respectively, 
being double the numbers given in column 
V above. 

The horizontal component at each 
point is Q ^2"= 7.7.* 

It is evident that the greater the num- 
ber of divisions IF, JI, &c., the more 
accurate the result. It is well to test the 
above volumes analytically. 

FORMULAS FOR VOLUME. 

63. Let OB = OK = r, KM = c, and the va- 
riable distance Erf = a^d = x. An arc a^de in 
plan is shown in elevation by 4321 K, where 
44» = a; and 04^= ^r'^-x^. 

Draw a tangent at K to intersection H with 
N4. The area between this tangent, H4 and arc 



* If the centreei of pressure are all assumed to lie on the 
centre line (as suggested ahove) Q must be determined 
separately for each elementary arch, as just explained fqr 
a4,¥\e. 
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4K is easily found by subt racting from the rect- 
angle rx, the triangle ^x ^r^ — x^ and the sector 

04K = -T sin. ->, so that the area of KMN4 

is 

1 , r« . -1 a; 

cx->rrx — ^ X j^r^^x* --^ ^^^' 7 • 



On multiplying this by dx, we find the volume 
of an elementary arch, parallel to AD, of thick- 
ness dx and at a distance x from E. The inte- 
gral between x = r and x = o gives the total 
volume of the solid AEF or J the groined arch ; 
equal to, 



2 



+ (|--i)^=?^^-^^^^'^- 



As r = 3.77, c = 0.47 + 1.26 = 1.73 .*. vol. 
AEF = 14.85. From the Table this volume = 
(.78 -+- 2.46 H- 4.50 -h 7.24) = 1498.* 

ARCH OF GROIN AND ABUTMENT. 

64. It will conduce to clearness to lay 
off on an elevation of the groin and abut- 
ment, Fig. 17, the forces just found, 

• 

* For volumes of groined and cloistered arches, see a 
full discussion in Mr. Leonard Metcairs paper on the 
Groined Arch in Transactions Am. Soc. 0. B. Vol. 43 : also, 
see Engineering News for August 28, 1900. 
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directly over a^y a„ . . . at the same 
heights as J^, ^„ . . . are above the 
springing, viz., 4.03, 3.76, 3.15 and 2.12. 




Fig. 17 



S 3 



The distance t of the resultant T of the 
horizontal forces above the springing is 
thus, 

,_7.7(4.03 4-3.76 + 3.15+2.12) ^^ ^^ 



/= 



T=30.8 
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from which T can be located. Similarly 
take moments of the vertical forces about 
A, to find the distance, p^ that theii* 
resultant, P, acts to the right of A, 

r.p = 

14. 46x. 68+9x2.01 +4.9x3.35-hl.56x4.69 

P = 29.92 

= 1.73 

The resultant of T and P passes outside 
of the arch ring above the springing. On 
combining it in turn with the weight of 
the abutment 8x3x2, the final resultant 
cuts the base at 5, \ the depth from the 
outer edge. 

65. The arch ring of the groin in the 
actual example, has a depth of 0°'.94; 
being double that of the ring as drawn, 
which may thus be supposed to represent 
its middle half. 

To test its stability, combine the re- 
sultant of the forces 7.7 and l.5*i, being 
the pressure on the joint midway between 
a, and a„ with the resultant of the next 
two concurrent forces, 7.7 and 4.9, to 
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iSnd the resultant on the joint midway 
between a, and a,; next, combine this 
last resultant with that ol the next two 
concurrent forces and so on. The final 
resultant on the springing joint should 
coincide with the resultant of P and T 
just found.* 

The line of the centres of pressure is 
thus found to keep very near the centre 
line down to a^, below which it passes out 
of the arch -ring, on the ex trades side. 

The heavy backing will exert horizontal 
forces to modify this line of resistance, 
probably keeping it in the arch ring near 
the springing; for otherwise the in trades 
joints about the springing must open; 
but this cannot happen unless the extra- 
dos joints open about a,. If the backing 
prevents the latter, the former cannot 
occur, and the centres of pressure are 
found somewhere in the middle third. 

A horizontal thrust, H, at the crown 

♦ Where the groin is a distinct arch, tlie weight of \U 
enccessive portions should be combined with these forces 
in the proper order. 
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of the groin will be exerted only when 
the resistance line hfiJ)J)^ approaches the 
intrados too nearly. If it is desired that 
the centre of pressure should fall at a cer- 
tain point on the vertical through a^ call 
the arms of H, T and P about this point 
A, / and p J then, 

Rh + Tt -Vp = 0. 

from which H can be found. It may be 
assumed to act at the centre of the crown 
joint. 

In all ordinary cases no thrust at the 
crown is needed and an opening can be 
made there with safety for light and ven- 
tilation. This is done in vaulted cover- 
ings of reservoirs and filter beds, which 
are generally rectangular in plan and 
consist of groined and cylindrical arches 
springing from the interior piers, and 
cloistered arches springing from the abut- 
ments, which last are walls surrounding 
the rectangular space. 

60. It is usual in such constructions 
to place the abutments as in Fig. 18. 
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The space between them is nsually covered 
with simple arches as ABCD. The hori- 
zontal thrasts of the two leaning against 
one abutment, acting at the crown joints 
combined into one, Q' V2 acting directly 
over the centre of the abutment, and in 




Fig. 18 

the direction of a diagonal, as EA. The 
weights of the two semi-arches acting at 
their centres of gravity are combined 
into one, 2P', acting at a on the diagonal 
AE. On drawing now a section of the 
abutment along AE produced and laying 
off the forces Q' l/?, 2P', T, P, H if any, 
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and the weight of abutment, in their 
proper positions and combining these 
forces into one resultant, we ascertain if 
the centre of pressure at the base of the 
abutment lies within proper limits. It 
'will be found that the addition of the 
encompassing arches conduces to stability, 
the effect of the downward force 2P', 
more than counteracting the effect of the 
force Q' 4/2. 

67. The question of stability has so far 
alone been considered. As to strength, 
the simple arch of largest span is to be 
designed by usual methods and the max- 
imum stress ascertained. If the result- 
ants have been assumed to act at the 
centre of certain joints, double the uni- 
form intensity of stress there for safety. 
The same remarks apply to the arch along 
the groin (if any). AVhere equal arches 
spring from a pier in four directions, at 
right angles to each other, the resultant 
thrust on such a pier passes through its 
centre. 

For a single vault, as in Fig. 18, the 
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• 

refiultant meets the base of the pier AB 
on the diagonal EA produced, say at a 
distance e f ro^ its centre. If we call N 
its normal (vertical) component the max- 
imum and minimum stresses per unit are 
(7, Art. 12), 



( 






where d = AB = side of square base. 
The minimnm stress is zero when 

d ^% 

and for greater values of e, the stress at 
A is tensile, which should be avoided, as 
it is best not to count on the tensile stress 
of the mortar. 

Where concrete is used for tlie arch 
the previous investigation holds, though 
there is certainly decided gain in strength 
for the arches from the tensile strength 
of the concrete, both in the arch and 
backing. * 

* See Transactions Am. Soc. C. E., Vol. 48, p. 65. 



§68] 140 

Scheffler* has deduced approximate 
formulas, from which is found (for the 
case shown %j Fig. 18 and a safety factor 
n ==: 3, by which the horizontal thrust is 
multiplied), that a groined arch should 
have the same size of abutment as a cylin- 
drical arch of the same span. For w = 1, 
the case of limiting stability, it was found 
that the width AB for the groined arch, 
was 1| times that for a cylindrical arch 
of same span AC. As he assumes the 
horizontal thrust to act at the top of the 
keystone and makes a number of rude 
approximations besides, sometimes on the 
safe side, at other times otherwise, the 
results are open to doubt. For w = 1, 
however, they seem to be confirmed by 
the experiments of Rondelet (see Art. 69). 

CLOISTERED ARCH. 

68. In the cloistered arch, shown in 
plan, in Fig. 19, ABCD is a square lying 
in a horizontal plane, whilst EF is a sim- 

• " Th6orie des Vontes," $67. 
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pie arch of span EF^ and rise equal to the 
height of the crown at G above.the spring- 
ing. AD and BC are the groins,, form- 
ing the re-entrant angles on which the 
smaller arcs, as ah^ he, cd^fg, etc., meet 




Fig. 19 

with an inclined tangent. Thus ah is 
precisely similar in form to the part EH 
of the full centre arch EF. The ele- 
ments he or fb are thus horizontal. Now 
the thrust at the crown G of the simple 
arch EF of small width, is horizontal. 



§69] 14iSt 

and is computed as for a simple arch. 
The arcs ab and ed sustain at b and c 
horizontal thrusts communicated through 
the horizontal element be. When the 
centres are struck, the tendency to fall 
causes pressure on the voussoirs in four 
directions, ± and I AB, so that the ele- 
ments, as be and bf of the cylinders sus- 
tain a uniform horizontal compression in 
the directions be and bf, and the vous- 
soirs composing these elements sustain 
likewise an inclined thrust (except at the 
groins, where it is horizontal), in a direc- 
tion perpendicular to the elements, whose 
amount is easily determined by the meth- 
ods affecting simple arches. 

69. Thus divide EG into any number 
of equal parts, and find by usual methods 
the weights and the positions of their 
centres of gravity, from the springing 
AC to any joint, in place of from G to 
the joint, as hitlierto. Part of the table 
made out then directly applies to each 
partial arc, as ab. On the elevation of 
the semi-arch EG and of each partial 
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arch^ as ah^ construct resistance lines,, 
lying as near the centre line as possible, 
down to the "joint of rupture^' (Art. 
43). In doing this, proceed as shown in 
the latter part of Art. 61, to find the 
horizontal thrust and the resultant at the 
abutment. VV^ith the tables made out as 
above, the resultant at the abutment 
must be combined, in turn, with the 
weights from the abutment to the joint 
considered, to find the centres of pressure 
on those joints. 

We thus find the various horizontal 
thrusts, acting at the groins CG and AG 
in a direction ±AC. On multiplying 
each of these thrusts by its vertical dis- 
tance above the springing, and dividing 
the result by the sum of the thrusts, we 
find the vertical distance above the 
springing at ' which the resultant of the 
horizontal thrust T, of the part AGO, 
acts. Similarly, find the horizontal dis- 
tance to the resultant of the vertical 
forces, P acting on the part AGO; this 
resultant representing the weight of 
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A6C. On combining these resultants, 
T and P acting in the vertical plane EG 
with the weight of the abutment, as 
shown in Fig. 17, we ascertain whether 
the centre of pressure on the base of the 
abutment falls within proper limits. 
Since the arc EF (Fig. 19) causes the 
greatest thrust, unless the abutment is 
made to act as one piece, as supposed 
above, its width should vary, being great- 
est at E and diminishing to naught, theo- 
retically, at C; the intermediate widths 
being found in the usual manner from 
the thrusts of the partial arches resting ' 
there. If the curve limiting these widths 
is assumed to be a parabola, which is 
doubtless safe, then it is easy to show 
(see Scheffler, §58) that the abutment 
AIJC ((Fig. 19) of rectangular section, 
having the same moment as the one of 
parabolic section, has a width, > 

c = 0.73036' ==ic' (say) 

where e' is the width of abutment at E 
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for the simple arch EF, which can be 
found by usual methods. 

In view of the indetermination existing 
as to the true curves of resistance of 
arches such as EF, ab, the practical solu- 
tion is suggested of designing EF as for 
a simple arch, and giving the same radial 
depth of arch ring to all the other arches. 
The width of abutment is then to be 
found by the last formula. 

This last formula is agreeable to the 
experiments of Rondelet on models; that 
for limiting eqiiilibrinm .and for the 
same span^ the tvidths of the abutments 
of domes, cloistered arches, cylindrical 
arches, and groined arches are as the 
numbers, 1, 3, 4 and 6. 



CHAPTER IV. 

DOMES OF MASONRY. 

70. The soffit of the dome will be sup- 
posed to be generated by revolving a 
curve about the vertical line representing 
the rise of the arch called the axis, so 
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Fig. 20 

that every horizontal section of the soffit 
is a circle. The extrados may be gener- 
ated by revolving a similar curve or any 
other figure about the axis similarly for 
the upper limit of the backing. If we 
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pass two meridian planes, making a small 
angle, ^, with each other, through the 
axis, we cut from the dome and backing^ 
if any, a solid FC, Fig. 20, being a part 
of a wedge-shaped figure whose soffit is 
a portion of a lune^ when the generating 
curve is an arc of a circle. This solid, 
for want of a better name, we shall call 
a lune solid. 

Now pass conical joints, perpendicular 
to the soffit, at certain distances apart; 
the part of the dome proper, as DE, 
lying between any two conical joints, 
will be called a crown. 

It is proper first to examine the con- 
ditions of equilibrium of such a crown; 
which can moreover form the superior 
part of a dome open above. 

There are developed in these crowns 
horizontal pressures Qj q^ whose direc- 
tions are normal to the joints of the 
crown, and more intense in the upper 
than in the lower crowns. 

When we afterwards consider the lune 
solid, CF, limited by meridian phuioo, it 
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is neeessary to combine th^ two forces 
^, q into a single horizontal force Q, 
acting outwards. It is necessary in all 
cases that the horizontal thrust at the 
upper joint may be null. 

This is evident for an open dome; for 
the dome closed at top, which is only a 
particular case of the open dome, it ■^e-Af*' 
suits from the fact, that the surface of 
the joint at the summit reduces to a line, 
which cannot support a finite pressure.* 

71. Let Fig. 21 represent a lune solid 
of the open dome considered, and let P, 
P.^, Pg, P^, laid off in order on the verti- 
cal line PjP^, represent the weights of 
voussoirs 1, 2, 3, 4, respectively, with 
their loads. Let us assume, for the 
present, that the forces q^ q^ of the pre- 
ceding figure act at the centres of the 
voussoirs; so that the forces Qj, Q,, . • , 

* Dr. Scheffler, In his " Theorie der Gewolbe " (1857,) 
also, a French translation, ''Thdorie des Voutes,** states 
that previous aathors (Navier, Rondelet) have treated the 
lane solids as simple arches. I infer that Dr. Scheffl^ 
himeelf is the first who has introduced the forces q above 4 

and given a more rational theory. 
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act through the centres of their corre- 
sponding voussoirs, 1,2,..., and hori- 
zontally to the left in Fig. 21. 




Now the horizontal thrust at joint o is 
null. The weight Pj of the fii-st voussoir 
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and load, acts through a and does not 
meet joi^t 1, so that there is no stability 
unless the "crown" including this vous- 
soir, in tending to fall, exerts a horizontal 
pressure. The resultant Qj of the press- 
ures exerted on both sides of voussoir I 
should be so great that when combined 
with Pj, the resultant shall cut the joint 
to which it refers, and make with the 
normal to this joint an angle not less 
than the angle of friction. These two 
conditions hold for every joint. If no 
joints open the resultants will lie in the 
middle third. Therefore, if Q^ be made 
so large that a line drawn through a || S, 
the resultant of P^ and Q^, satisfies the 
above conditions, the point where it cuts 
joint 1 may be regarded as a possible 
centre of pressure. 

If the above conditions are not satis- 
fied for an assumed value of Q„ Q^ must 
be increased. 

Now extend the line through ^, just 
drawn, to intersection with the vertical 
through the centre of gravity of the sec- 
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ond voussoir and load, whose weight is P, ; 
from this point draw a parallel to R,, the 
resultant of S^ and P,, and extend it up- 
wards to intersection b^ with the horizon- 
tal through the centre of the second 
voussoir along which Q, acts. On draw- 
ing through h a line to some point on 
joint 2 ; a parallel to it, in the force dia- 
gram, gives S,, and. cuts off Q^, as shown 
in the figure. As before, if S, does not 
make an angle with the normal to joint 
2 less than the angle of friction, Q, must 
be increased and the line through b made 
parallel to S, thus found. Similarly we 
proceed for other joints, until finally we 
get to a joint, as 3, below which no more 
forces of the type Q are needed to pre- 
vent the resultants on succeeding joints 
from falling below certain limits. The 
part of the lune solid below joint 3, 
called the '^ joint of rupture^^' thus acts 
as any simple arch; therefore we deter- 
mine the resultant on joint 4 by combin- 
ing S3 and P^ — i, e. , by drawing through 
d a parallel to R^ of the force diagram, 
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the resultant on joint 4, to intersection 
with that joint. 

Similarly, if we combine the resultant 
Sg on joint 3 with the weight of the en- 
tire abutment, we find the centre of 
pressure on joint 5, which should lie 
within the middle third. 

72. It is evident from the foregoing 
that an infinite number of equilibrium 
polygons can be drawn, all satisfying the 
conditions stated, so that it seems impos- 
sible to select the tru^ one. Some of the 
indetermination, however, can be re- 
moved, by considering the elastic yielding 
of the dome. Thus, since the voussoirs 
are compressible, and if, as is usual, the 
actual resultant on the springing joint 
passes to the left of the centre, the outer 
edge is most compressed, and to allow 
this the haunches must spread and the 
top of the arch descend, so that about 
joint 3, the centre of pressure passes be- 
low and at the top, above the centre line. 
This is all the more evident if the spring- 
ing joint opens at the inner edge. This 
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view will be illustrated by an example in 
Art. 82. 

As a modification of the above hypoth- 
esis, we may assume that the resultants 
Sj, S„ . . . , are tangent to the centre 
line, from the crown to the joint of rup- 
ture. It will be found that this involves 
raising Q^, Q,, . . . . slightly above the 
centres of the voussoirs. The construc- 
tion is much simplified by this assump- 
tion, which will be illustrated more fully 
in Art. 77. 

73. From the definition of Art. 70, and 
a plan of a voussoir bounded by the two 
meridian planes whose included angle in 
aic is ^, and which is solicited by the 
two horizontal forces ^, q, (acting per- 
pendicular to its vertical faces), whose 
resultant is Q, we have, 

JQ = 5^ sin. ^tj). 

If a = half span, and b = horizontal 
width of voussoir at the springing, then 
atj) = B, When the angle ^ is small, i.e., 
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when € is made small enough, we have 
from the above equation, 

Q a ^ 

^ = 1^ = T^' 

from which q^y q^ - . . can be computed, 
as soon as Q„ Q,, are found by the con- 
struction above. 

NUMERICAL EXAMPLE. 

74. Let us take the half span (Fig. 21) equal 
to 9.42 units, the depth of arch ring 0.94; and 
let the inclined line fg limit the load, the point 
/ being 12.24 above the centre e of the soffit, and 
g, 1.98 lower than /. The radius fk = 1.86. 
Now divide the horizontal hk into six parts, 
each 1.26 wide, in place of three as before; drop 
verticals through the points of division, and 
from their intersection with the extrados draw 
the joints to 6. We shall suppose approxi- 
mately that the figures so formed are trapezoids, 
whose area equals the mean height multiplied 
bv the width. 

The volume of a voussoir and load can be ex- 
actly determined by the theorem of Pappus : 

Tlie volume of a solid of revolution is eqiud to 
the product of the area of the generating surface 
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atid the distance described by its centre of grav- 
ity while generating the body. 

Let X = distance from axis ef to the medial 
vertical of a trapezoid, 

. • . volume of trapezoidal solid = 

Aa;^ = A — « 
a 

where A = area of trapezoid and a — radius e4. 

Take ^ = 1 for simplicity. The thickness of 
voussoir at the springing = ^ selected is imma- 
terial except in finding q, since multiplying the 
weights of voussoirs and abutments by the s.ame 
quantity does not change their ratios. 

In the following table, column (1) refers to 
joint, column (2) gives the height of the trape- 
zoidal solid, column (3) its width, column (4) 

its thickness = — , and column (5) their product 

representing the forces Pi, Pa, , . . 



(I) 


(2) 


(3) 

* 


(4) 


i 

Pi 


(5) 


1 


2.65 


1.26 


.25 


0.83 


2 


2.83 


1.26 


.38 


P, 


1.35 


3 


3.23 


1.26 


.50 


i ^3 


2.03 


4 


3.92 


1.26 


.63 


P4 


3.11 


5 


5.03* 


1.26 


.76 


P6 


4.82 


6 


7.05 


1.26 


.89 


Pe 


7.90 


7 


10.99 


0.94 


1.00 


Pt 


10.33 
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The construction is now proceeded with ex- 
actly as described for Fig. 21, which is in fact 
a drawing to these dimensions. 

The induced forces Qi, Qa, . . . , were con- 
ceived to pass through the centres of the vous- 
soirs. The resultants Si, Sa, . . . , on the joints 
were made first to pass through the lower middle 
third limits, and afterwards through the centres 
of those joints. In both cases the joint marked 3 
in Fig. 21, was the joint of rupture; the result- 
ant on the springing joint, in the first instance, 
coinciding with the resultant as drawn in Fig. 
21 ; in the last case passing nearly through the 
extrados. The total horizontal thrust in the 
first case = 7.75; in the last, 8.13. If we take 
the width of abutment at 3, its height above the 
springing 10.99, its depth below it 7.01 ; its 

mean thickness is ,' = 1.1, and. its total 

y.y 

volume, including a part of the arch is 3x18 X 

1.1 = 59.4; which combined with the resultant 

So on the joint marked 3 in Fig. 21, cuts the 

base, for the first case ndted above, only 0.05 

outside of the middle third, in the last case 0.18 

outside. 

The force Qa = 2.3 is the largest of the forces 

Qi, Qa . . . , whence by Art. 94, 

q = — Q, = 9.9 X 2.3 = 22.77 cubic units 
e 



1 



1 
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of stone. The force q acts on an area of 1.23 
square units. There is evidently no danger of 
crushing from the horizontal thrust around the 
second crown from the top, as stone will bear on 
a square unit a pillar of a square unit section 
and several thousand units high. Similarly for 
resultants on all the joints. We conclude that 
with the backing used and by increasing the 
depth of arch ring at the springing about one- 
third, the arch will be stable. 

FORMULAS FOR VOLUME. 

75. When the soffit and exterior sur- 
face of the dome are both surfaces of 
spheres having the same centre, the vol- 
umes of the voussoirs are easily obtained. 
Thus, by geometry, the area of the zone 
formed by revolving an arc as rs (Fig. 22) 
about the axis ac is equal to the altitude 
h of rs multiplied by 2;rr, r being the 
radius as of the sphere. Pass now two 
meridian planes through ac^ whose in- 
cluded angle is — of a circumference. 
The part of the zone included between 
them has an area so that the pyra- 
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mid formed on this base with a vertex at a, 

has a volume —^ — . 

Sn 

Similarly the pyramid having the part 

of the zone represented by ^i; as a base, 

has a volume, — jr where r' = radius at 

on 

and A' = altitude of arc tv. Therefore 

the volume of the voussoir rstv included 

between the meridian planes and the 

conical joints rv and st is, 



6n ^ ' 



where r and A are the radius and altitude 
of the exterior arc, r' and li' of the inte- 
rior. If the altitudes of the type h are 
made equal in successive arcs, the values 
7^' will all be equal. This can be shown 
as follows : Draw horizontal liiies through 
r and V, Fig. 22, and drop verticals h and 
h! from 8 and t to them, and call the 
chords rs and vt^ c and c\ .* . from similar 
triangles, 
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h c r r 



. • . When A is constant for successive arcs 
of the extrados, h' is similarly constant 
for the corresponding arcs of the intmdos. 
Similarly the centre line of the arch ring 
will be divided into arcs of the same alti- 
tude when h is constant — and conversely. 

It follows, that if de, Fig. 22, repre- 
sents the centre line of part of a lune 
solid, having exterior and interior radii 
r and r\ if cl is projected on tlie axis at c 
and (9 at ^; also if he is divided into equal 
parts, and horizontals are diawn through 
the points of division to intersection with 
arc de^ the normal joints being passed 
through these intersections, then by the 
formula above, the voussoirs so formed 
are all equal in volume. 

76. Let us refer again to the inner 
dome de (Fig. 22). 

If we pass horizontal planes midway 
between the horizontals first drawn, also 
pass conical joints through their intersec- 
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tion with the centre line de^ we divide the 
previous voussoirs exactly in half, so that 
the centres of gravity of the first voussoirs 
lie on these supposed intermediate coni- 
cal joints. They also lie nearly on the 
centre line de, and the error of so regard- 
ing them can be made as small as we 
choose by sufficiently diminishing ^% the 
angle included between the two meridian 
planes and the height of the voussoir. 

The centres of gravity of the voussoirs 
will therefore be assumed to be on the 
centre line of the elevation of the medial 
meridian section de^ at the intersections 
of the horizontals drawn midway between 
the first horizontals drawn that divide he 
into equal parts. 

DOME OF TWO SHELLS WITH LANTERN^. 

77. Fig. 22 represents a meridian sec- 
tion of the Church of St. Peter at Eome. 
The dimensions given by Scheffler, as I 
understand them,* are as follows ; 



♦ T have used the dimensions given in his Tables, which 
difEer, in some respects, from those in tlie text. 
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The radius of the soffit is 72 feet, and 
of the outer surface, as = 83.8. At 31 
feet above the springing, the structure is 
composed of two domes, the outer having 
a thickness of 2.6 feet, the inner being 
4.1 thick at d and 5,1 at e, so that the 
centre line de is described from a centre 
slightly below a on the vertical ac pro- 
duced. The dome has an opening at top 
12.4 radius, and the lantern supported at 
the top is equivalent in weight to a block 
of stone 2.1 X 56.6, of which the outer 
shell supports one-third and the inner 
two-thirds. The first voussoir at the top, 
in both shells, is made 2.1, horizontal 
width ; the altitude of the centre line, 
be, for the part de, is then divided into 8 
equal parts and the joints drawn as in the 
figure, a similar construction applying to 
the outer shell. The part below the two 
shells is similarly divided into 6 equal 
i)arts. Applying the formula just de- 
duced in Art. 75, measuring the altitudes 
on a drawing to a scale of 4 feet to the 
inch, we find the volumes of the voussoirs 
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like rstv. 77- 28696, the voussoirs of the 
on 

%n 
outer shell, — 3957, except the top one, 

whose volume is ;r- 359 cubic feet. The 

fin 

volume of the top voussoir of the inner 

shell is rr- 501 cubic feet. The voussoirs 
dn 

2 to 9 of the inner shell, were each, in 

turn, assumed to have an outer surface 

concentric with the soffit, of radius equal 

to the mean radius of the outer surface 

for the voussoir considered, i.e., equal to 

72 + mean thickness in feet of voussoir. 

We thus find the volumes of voussoirs 

2 to 9 equal to the constant - -multiplied 

. in turn by 4695, 4805, 4915, 5000, 5124, 
5206, 5267 and 5400. 

The volume of the lantern, by the law 
of Pappus (Art. 74) =r 2.1 x 56.6 x 

— — =: -— 4794, one- third of which 

is added to the volume of voussoir 1 of 
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outer shell and two*thirds to that of voub- 
soir 1 of the inner shell. The part fgh^ 
10.3 wide and 23.7 high, has a volume, 

10.3 X 23.7 X ^"^ ^ ^^'^^ = I- 56500. 

n 3)1 

This part has not the fall width 6f the 
bottom voussoirs as drawn in the figure. 

TENSION IN IRON BANDS. THRUSTS. 

78. We now lay off on vertical lines 

the weights just found, omitting the com- 

2;r 
mon constant -r— 

6)1 

The loads affecting the outer shell are 
laid off to its left ; those pertaining to 
the inner shell are not shown in the 
figure. 

To be on the safe side, we shall assume 
that the resultants on the joints from the 
summit to the joint of rupture are tan- 
gent to the centre line of the ring. Thus 
for the outer shell, draw through the 
points 1, 2, . . . , of the force line, par- 
allels to tangents to the centre line at 
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joints 1, 2, . . . (or J. to radii). These 
lines cut off successive distances on the 
horizontal through o, equal to the radial 
forces Qi, Q2, . . . exerted by the suc- 
cessive crowns 1, 2, . . . 

We find that below joint 6 there is no 
longer a radial force needed ; so that be- 
low that joint the curve of resistance is 
continued to joint 9 as in a simple arch. 

Similar results were found for the 
inner shell. The centres of pressure on 
joints 9 of the outer and inner shells are 
at the outer middle third limit for the 
outer shell, and slightly above the centre 
line for the inner shell. This, necessi- 
tates spreading about joints 6, so that the 
centre of pressure there is below the 
centre line, hence the actual horizontal 
thrust is less than estimated, as stated 
above. 

Now combining the resultants at joint 9 
into one, its position being found by mo- 
ments, and laying off x9 equal and paral- 
lel to it, we continue the line of resistance 
as per dotted line to joint he/. The sue- 
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cessive volumes of vonssoirs are laid off 
on the force line 9 ... 13. This second 
force diagram is drawn to a smaller scale 
than the preceding. 

70. At joint kg the centre of pressure 
passes outside the joint, so that the dome 
cannot be regarded as sufficiently stable 
in itself. If rotation occurs, the line of 
resistance would approach the extrados 
at the summit, the iiitrados at the joints 
of rupture, and the extrados at joint Jig. 

By encircling the dome just above or 
below the springing by a band of iron of 
sufficient cross section, stability may be 
assured. 

The total horizontal thrust of the lune 

solid (being -^ X the horizontal compo- 



nent of a;9) is 

Q = 39600 ~ = 13200^ 

cubic feet of stone = 924^ tons, if we 
put the weight of a cubic foot of stone at 
157 lbs. = .07 ton. 
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If this is to be entirely destroyed by 
the iron band, so that the resultants be- 
low the springing will all be vertical, we 
have the tension in the band by Art. 73, 
when tf) is small, 



5^ - -^ = 924 tons. 

Now iron, exposed to a dead stress 
alone, may safely be subjected to a stress 
of 7^ tons per square inch ; so that the 
bar may have a cross section of 123 
square inches. 

If tlie iron stretches y^^in) ^^ i^s length 
for every ton per square inch, the ring 
whose diameter is 168 feet will elongate 
0.33 feet, so that the diameter is in- 
creased 0.04 feet. There will conse- 
quently be a slight deformation of the 
arch ; in consequence, the top of the 
abutment moves slightly outwards, and 
the pressure on its base is not generally 
vertical; i.e., the iron band has not to- 
tally destroyed the horizontal thrust. 

A similar effect follows from a rise of 
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temperature, the reverse for a fall; for 
the temperature of the iron will suffer 
greater deviations from the mean than 
the masonry. This result is modified 
again hy the different coefficients of ex- 
pansion of stone and iron; granite and 
marhle expanding less than iron, sand- 
stone, more. 

There is no necessity in the voussoir 
dome for additional hoops below the first, 
unless the first is too small to destroy the 
outward thrust. The problem is then 
really indeterminate of ascertaining the 
precise amounts of the stresses sustained 
by the several hoops. The one nearest the 
joint of rupture of course will sustain by 
far the greatest part; the hoops, at joints 
where no spreading would occur, if they 
were not applied, not sustaining any. It 
would seem best to make these hoops of 
steel as it does not stretch as much as 
iron. Wire cables with a means of tight- 
ening would be especially convenient. 

80. We see that the thrust of the type 
Q is greatest on voussoirs 1 of both shells. 
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Thus for outer shell, 

Q, = 16900^=5633^; 

and for the inner shell, Q^ 6000 ^, 

which multiplied by .07 give the thrusts 

in tons. By Art. 73, we have g = -^ or 

394 tons and 420 tons respectively. Now 
voussoir 1 of outer shell has a lateral area 
of 6 square feet; the lower voussoir 1, an 
area of 10.45 square feet, so that the 
pressures per square foot are 66 and 40 
tons respectively, which good stone can 
stand easily. 

The thrusts Q, of both shells is prob- 
ably less than assumed, for the force dia- 
grams indicate a small value for Q^ — in 
fact, for the lower shell Q^ nearly vanish- 
es — but the compression around the ring 
of the first crown would necessarily bring 
the second more in action thereby increas- 
ing its thrust. The tendency then is to 
equalize more nearly the values of the 
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thrusts Qj, Qj, . . . than as given by our 
construction. 

81. It is evident that the greatest econ- 
omy is subserved, by the employment 
of one or more thin domes to a short dis- 
tance below the joint of rupture, as is the 
practice generally in large domes. One 
shell would suffice if the weight of lan- 
tern (if any) could be carried by it; 
otherwise two or more should be used. 

The abutment below joint hg is coun- 
terforted so as to present a greater width 
than shown in the figure. The introduc- 
tion of the hoop of course prevents any 
movement in it, so that the stability of 
the whole structure is assured. 

DOME WITHOUT LANTERN. — SUGGES- 
TION. 

82. AVe shall give now the spherical 
dome closed at top to illustrate the other 
view taken in Art. 72 of the position of 
the line of resistance, besides other points 
not noticed before. This dome, Fig. 23, 
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has a thickness of one-fifteenth the span, 
and is supposed to have immovable abut- 
ments. 




IB :t|^. 

Fig. 23 sl' 



i 



Divide the altitude of the centre line 
of the ring into eight equal parts, draw 
horizontals, &c., as before. The lune 
solid is thus divided into eight equal 
parts which lay off on the force line 
. . . 8. 

Now Qt dome of this kind only faih by 
rotating about the outer edges of joints 
at the crown and abutment, and the 
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inner edges about joint 4 ; each lune solid 
separating from the others and acting as 
a simple arch. It cannot fail by the 
haunches falling in. 

For a dome then of small stability, the 
line of the centres of pressures passes 
nearly through the top, the intrados edge 
at joint 4, and the outer edge at joint 8. 

For a dome of greater stability its 
position depends upon the amount of 
spreading at the haunches, and the con- 
sequent rocking at joint 8. If a line of 
resistance can just be inscribed in certain 
limits, equally distant from the centre, 
then it is probable, from a consideration 
of the way in which an arch settles, that 
the actual resistance line nearly touches 
these limiting curves towards the extra- 
dos side at the top and abutment, and 
next the intrados side at the joint of 
rupture. 

For example, take the middle third 
limits and draw an arc of a circle through 
the upper limit at the summit and the 
lower limit at joint 4 with a centre c anc 
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assume that this arc coincides with the 
line of resistance a certain distance from 
the top, the resultants being tangent to 
it. 

Then at some joint as 2 continue the 
resistance line down to the springing 
with the horizontal thrust found at 2. If 
the line so found does not keep within 
the middle third, let it be commenced at 
another joint, until one is found that will 
satisfy the conditions if possible. On di- 
viding voussoir 2 into four others, it was 
found that a line of resistance, continued 
as for a simple arch, from where the arc 
above cuts the upper joint of voussoir If, 
keeps almost entirely in the middle third, 
as shown by the dotted line : cutting 
joints 4 and 5 nearly at the lower limits 
and joint 8 at the outer limit. 

83. In case no such line can be found, 
the radial depth of arch ring must be in- 
creased until the requirement obtains. 
Where only one such line can be found, 
the true centres of pressure are doubtless 
slightly outside the limiting curves at 
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joints 4 and 8, as in the case of a cylin- 
drical arch.* 

The simple arch is found to begin 
slightly below joint 1 when the upper mid- 
dle third limit is assumed as the resistance 
line above it. Where the centre line of 
the arch ring is assumed for the upper 
curve, the horizontal thrust becomes con- 
stant, and simple arch action begins 
lower down, between joints 3 and 4 (Art. 
78), so that much less of the dome acts 
as a simple arch in this case. 

The true resistance line, even for im- 
movable abutments, depends upon the 
cutting of the stones as well as the elastic 
yielding of the dome, and probably lies 
between the two given by the above con- 
struction and that of Art. 78. If domes 
are designed then on both hypotheses, so 
that the resistance line can just be con- 
tained within the middle third, a mean 



* See Prof. Eddy's ''New OonBtnictlons in Graphical 
Statics/' p. 5d, for a direct method of locating the resist- 
ance line to satisfy certain conditions. 
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of the results should give a good working 
yalue to the thickness. 

In the exwnple above, if we divide 
voussoir 1 into four equal ones, we find 
that the circumferential thrusts per 
square unit on each crown going from 
the top are proportional to 2.5, 2.3, 1.0, 
and 1.8 respectively, so that the unit 
stresses decrease going from the summit. 

With a heavy lantern a very small 
crown of voussoirs next the summit ex- 
erts a comparatively large thrust ; so that 
the upper crown is compressed sufficiently 
to bring the next crown more in action, 
and so on down. In this case, the point 
of the force line (Fig. 23) is moved u])- 
wards, and since the inclined thrusts 
above the joint of rupture do not change 
direction, the joint of rupture is much 
higher than when there is no lantern. 
The reverse happens when weight is re- 
moved from the top, as in the case of the 
open dome, so that the lantern with the 
open dome may have the joint of rupture 
near the usual position. 
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CONCRETE DOME. 

84. The case of the concrete doms is 
nearly similar to that of the metal one. 
Rankine, in his '* Applied Mechanics," 
p. 267, has given formulas for immediate 
use in practice, for both the spherical 
and conical domes. 

Graphically, the joint of rupture is ob- 
tained as in Fig. 22 (Art. 75); then on 
continuing to draw resultants perpendic- 
ular to the radii at joints 5, 6, 7, ... , 
through the points 5, 6, 7, . . . , of the 
load line, they will be found to cut off 
less and less distances on the horizon- 
tal through 0. The total horizontal thrust 
diminishes to zero at the abutment, 
where the tangent is vertical. The forces 
of the type Q act on the voussoir out- 
wards and thus give rise to tensile cir- 
cumferential stresses of the value g' = Q 
-T- tj) (Art. 73). 

If the concrete is not strong enough to 
resist the full amount of this tension, it 
can readily be reinforced by steel chains 
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or cables enclosed in the successive 
" crowns " below the joint of rupture. 




Fig. 24 



CONICAL DOME. 



85. Let Fig. 24 represent a meridian 
section of a conical dome open at top. 
Divide the altitude cd into (eiglit) equal 
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parts, and pass horizontal planes through 
the points of division giving the joints 
1, 2, . . . Midway between these joints 
draw the horizontal radii of the centre 
line shown by the dotted lines. If we 
call the horizontal thickness of the ring 
ah — /, the vertical distance between any 
two joints 7i, and the mean radius of the 
centre line between these joints by r, we 
have for the volume of the voussoir in- 
cluded between the two joints and two 
meridian planes, making an angle ^ with 
each other, 

V = Mr^^ 
according to the law of Pappus. 

The weights of the successive voussoirs 
vary therefore as r. Therefore lay off on 
the vertical force line, ... 8 success- 
ive distances, proportional to the dotted 
radii, beginning with the first voussoir. 
The line ef cuts off one-fourth of these 
radii counting from ciL 

Next draw the line 06' || ^^ and pas:^ 
horizontals through the points 1, 2, . . , 
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of the force line. If the resultants on 
the joints are assumed to coincide with, 
or be parallel to the centre line, the hypo- 
thenuses of the triangles just formed 
represent the stresses on the joints. 
Thus 06' is proportional to the stress on 
joint 6, and 60'— 55'= horizontal i*adial 
force Q exerted by the sixth ring from 
which the ring compression q = Q -^t/} 
can be found. Similarly for the other 
rings or crowns. 

In order that the centres of pressure 
fall on the centre line all the way down 
to the base, it is necessary that the drum 
on which the base rests can resist the 
total horizontal radial thrust at the base, 
as the resultant there must act parallel 
'to bg and have a vertical component equal 
to the weight of the lune solid considered. 

86. The least horizontal thrust, con- 
sistent with no joints opening, may be 
found as follows : 

Assume the centres of gravity of the 
voussoirs to lie on the centre line midway 
between the joints. Then combine the 



§86] 180 

thrust at joint 6, 06' (as found above),, 
supposed to act at the exterior middle 
third limit, with the weight of voussoirs 
below it ; if the resultant, 08', strikes 
the base at the inner limit, the horizontal 
thrust, 66' = 88', is a minimum in order 
that no joints open. In the above figure 
it was found, on a second trial, that at 
joint 6:^ the horizontal thrust first became 
constant, so that the part of the dome be- 
low it exerted no cirumferential thrust.* 
The part below joint 6^ thus acts as a 
simple arch. If the drum gives slightly 
the true thrust is doubtless found between 
the two limits. If the drum cannot resist 
the horizontal thrust proportional to 66', 
the resistance line will approach the ex- 
trados just above joint 6 and the in trades- 
at the base; at the same time the low- 
est ''crown" spreads and meridian joints 
open at the base if it cannot resist ten- 
sion. The horizontal radial thrust is 

* In Prof. H. T. Eddy's '* New Conetructions in Graph- 
ical Statics/' a direct method is substituted for this tenta- 
tive one. 
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now less than 66' and becomes less as the 
drum gives still farther, until finally the 
resistance line nearly touches the contour 
lines and the lower part of the dome, 
acting as a series of isolated arches, falls, 
followed by the upper portion. 

The metal dome, or the one of con- 
crete, is investigated as in Art. 85. It 
is better, in both cases, that the lower 
ring should be strong enough to furnish 
all the tension needed, so that the drum 
be subjected only to vertical forces. 

When the dome is surmounted by a 
lantern, the proportionate weight is laid 
off vertically above o, Fig. 24, and the 
construction is proceeded with as before. 
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